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PERIODIC MAXWELL-CHERN-SIMONS VORTICES WITH CONCENTRATING PROPERTY
WEIWEI AO, OHSANG KWON, AND YOUNGAE LEE
ABSTRACT. In order to study electrically and magnetically charged vortices in fractional quantum Hall effect and
anyonic superconductivity, the Maxwell-Chern-Simons (MCS) model was introduced by [Lee, Lee, Min (1990)] as a
unified system of the classical Abelian-Higgs model (AH) and the Chern-Simons (CS) model. In this article, the first
goal is to obtain the uniform (CS) limit result of (MCS) model with respect to the Chern-Simons parameter without any
restriction on either a particular class of solutions or the number of vortex points. The most important step for this
purpose is to derive the relation between the Higgs field and the neutral scalar field. Our (CS) limit result also provides
the critical clue to answer the open problems raised by [Ricciardi,Tarantello (2000)] and [Tarantello (2004)], and we
succeed to establish the existence of periodic Maxwell-Chern-Simons vortices satisfying the concentrating property of
the density of superconductive electron pairs. Furthermore, we expect that the (CS) limit analysis in this paper would
help to study the stability, multiplicity, and bubbling phenomena for solutions of the (MCS) model.
1. INTRODUCTION
As the pioneering work by Ginzburg and Landau, the classical Abelian-Higgs (AH) model (or, Maxwell-
Higgs) was proposed in order to describe the superconductivity phenomena at low temperature (see [4, 35, 39,
47]). This model has been studied in [6, 35, 56, 59] for various domains. However, (AH)model can only describes
electrically neutral vortices, which are static solutions of the corresponding Euler-Lagrange equation. In order
to study the fractional quantum Hall effect and high temperature superconductivity, we should investigate
electrically and magnetically ”charged” vortices. For this purpose, one might attempt to include Chern-Simons
(CS) term into (AH) model. However, just adding (CS) term into (AH) model loses the self-dual structure,
which is characterized by a special class of static solution corresponding to a constrained energy minimizer.
The self-dual equation has a benefit in the gauge field theory since it is a reduced first-order equation, so called
”Bogomol’nyi equation”, for the more complicated second order equation of motion (see [5, 43]). In order
to obtain a self-dual Chern-Simons theory, Hong-Kim-Pac in [33] and Jackiw-Weinberg in [34] independently
proposed a model for charged vortices with electrodynamics governed only by the (CS) term without Maxwell
term, which was included in the (AH) model. This pure (CS) model was suggested from the observation such
that the (CS) term is dominant over the Maxwell term in the large scale. During the last few decades, the
(CS) model has been extensively studied in [13, 14, 18, 51, 52, 58, 60] for entire solutions on a full space, in
[8, 18, 19, 21, 22, 23, 27, 28, 29, 46, 53, 54] for the periodic case, and in [32] for bounded domains (see also
[9, 10, 17, 30, 36, 37, 38, 50]).
As stated above, a naive inclusion of both (AH) term and (CS) term in the Lagrangian fails to make the system
self-dual. However, in [40], Lee, Lee, and Min succeeded in restoring the self-duality in Maxwell-Chern-Simons
(MCS) model as a unified self-dual system of (AH) and (CS), by introducing a neutral scalar field. Moreover, the
authors in [40] showed formally that the self-dual equation of (MCS) owns both (AH) model and (CS) model
as limiting problems according to the limit behavior of the electric charge and the Chern-Simons mass scale
(see also [24]). This formal argument in [40, 24] could be supported with mathematically rigorous proof in
[11, 12, 48, 49]. In [11], Chae and Kim established the existence of topological multivortex solution for (MCS)
model in a full spaceR2. Here, the topological entire solution in R2 satisfies the specific boundary condition such
that its first component vanishes at infinity. Moreover, the authors in [11] showed the convergence of topological
multivortex solutions to the (CS) model and (AH)model. The convergence depends on the asymptotic behavior
of the electric charge and the Chern-Simons mass scale. In [12], they also obtained the corresponding result
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for topological solutions on a flat two torus (see (1.7) for the definition of topological solution on a flat two
torus). In [49], Ricciardi and Tarantello showed that there exist at least two gauge distinct periodic multivortices
(topological solution and mountain pass solution), and analyzed their asymptotic behavior in terms of the (CS)
limit and the (AH) limit. Moreover, Ricciardi in [48] obtained the stronger convergence result for an arbitrary
sequence of periodic multivortices while the Chern-Simons parameter, which is the ratio between electric charge
and the Chern-Simons mass scale, is fixed.
In this article, one of main goals is to improve the (CS) limit analysis for (MCS) model without any restriction
on either a particular class of solutions, the number of vortex points, or the Chern-Simons parameter. Moreover,
in view of our first result, we could also obtain the affirmative answers for the open problems raised by Ricciardi
and Tarantello in [49], and Tarantello in [55].
In order to introduce our results more precisely, let us recall the Lagrangian density LMCS for the (MCS)
model, which is defined in the (2+ 1)-dimensional Minkowski space R2,1 with the metric diag(1,−1,−1):
LMCS(A, φ, n) = − 1
4q2
FαβF
αβ − µ
4q2
ǫαβγAαFβγ + Dαφ(Dαφ) +
1
2q2
∂αn∂
α
n
− |φ|2
(
n− q
2
µ
)2
− q
2
2
(
|φ|2 − µ
q2
n
)2
,
(1.1)
where the metric is used to raise or lower indices, all the Greek indices run over 0, 1, 2, and ǫαβγ is the totally
skew-symmetric tensor fixed so that ǫ012 = 1. Here, φ : R1+2 → C is the complex valuedHiggs field, n : R1+2 →
R is the neutral scalar field, Aα : R
1+2 → R is the gauge field, Dα = ∂α − iAα is the gauge covariant derivative
associated with Aα where i =
√−1, and Fαβ = ∂αAβ− ∂βAα is the field strength. The constant q > 0 denotes the
electric charge and µ > 0 is the Chern-Simonsmass scale. The gauge potential fieldAwith a 1-form (connection)
is identified as A = −iAαdxα, and the Maxwell gauge field FA is expressed by FA = dA = − i2Fαβdxα ∧ dxβ is
expressed by the 2-form (curvature) . Let us denote the self-dual potential by
V(|φ|, n) = |φ|2
(
n− q
2
µ
)2
+
q2
2
(
|φ|2 − µ
q2
n
)2
.
Note that in LMCS, the Maxwell term for A is denoted by FαβFαβ and the Chern-Simons term is represented by
the quantity
µ
4q2
ǫαβγAαFβγ. Indeed, the Lagrangian of the (AH) model and the (CS) model are given by
LAH(A, φ) = − 1
4q2
FαβF
αβ + Dαφ(Dαφ)− q
2
2
(
|φ|2 − 1
)2
,
and
LCS(A, φ) = − µ
4q2
εαβγAαFβγ + Dαφ(Dαφ)− q
4
µ2
|φ|2
(
|φ|2 − 1
)2
,
respectively. If we fix q, and assume the identity n = q
2
µ in (1.1), then as µ → 0, a limiting Lagrangian for LMCS
formally would be LAH. On the other hand, if we fix q2µ , and insert the identity n = q
2
µ |φ|2 into the potential of
LMCS, then as µ→ ∞, a limiting Lagrangian for LMCS formally would be LCS.
The periodic patterns of vortex configurations have been predicted and founded in the experiment for the
study of superconductivity (see [1]). Periodic vortices (or condensates) relative to (1.1) are defined as the static
solutions, which is independent of the x0-variable, for the following Euler-Lagrangian equations subject to the
’t Hooft type periodic boundary conditions (see [57]) :

DαD
αφ = − ∂V
∂φ¯
,
1
q2
∂α∂
α
n = − ∂V∂n ,
1
q2
∂βF
αβ + µ
2q2
ǫαβγFβγ = J
α,
(1.2)
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where Jα = i(φ¯Dαφ− φ(Dαφ)) is the conserved current for the system. We say that (φ, Aα, n1) is gauge equiva-
lent to (ψ, Bα, n2) , if there exists a smooth function ω satisfying
(ψ, Bα, n2) =
(
eiωφ, Aα + ∂αω, n1
)
, α = 0, 1, 2.
The ’t Hooft type periodic boundary conditions are required for the invariance of (1.2) with respect to the gauge
transformation. More precisely, the periodic cell domain is given by
Ω =
{
x ∈ R2 | x = t1a1 + t2a2, t1, t2 ∈ (0, 1)
}
,
where a1 and a2 are linearly independent vectors in R
2. Let Γk =
{
x ∈ R2 | x = tkak, tk ∈ (0, 1)
}
, k = 1, 2, be a
part of the boundary of Ω. We assume that (A, φ, n) is a static (that is, independent of the x0-variable) solution
of (1.2), and there exist smooth functions ωk, (k = 1, 2) in a neighborhood of Γ1 ∪ Γ2\Γk, satisfying

Aj (x+ ak) = Aj(x) + ∂jωk(x), j, k = 1, 2,
A0 (x+ ak) = A0(x),
φ (x+ ak) = e
−iωk(x)φ(x),
n (x+ ak) = n(x), k = 1, 2,
(1.3)
for x ∈ Γ1 ∪ Γ2\Γk, k = 1, 2. We set ωk
(
s1, s2
)
= ωk
(
s1a1, s
2a2
)
, k = 1, 2 so that φ is single-valued in Ω. In view
of the compatibility condition, we have
ω1
(
0, 0+
)−ω1 (0, 1−)+ω2 (1−, 0)− ω2 (0+, 0) = 2πM, (1.4)
where M ∈ Z+ is called the vortex number and coincides with the total number of zeroes of φ in Ω counted
according to their multiplicities.
Since the Euler-Lagrangian equation (1.2) is very complicated to study even for stationary solution, we restrict
to consider energy minimizers only. It is well known from the arguments in [5] that a global minimizer of static
energy on suitable function spaces is achieved by the following self-dual equations:

(D1 + iD2) φ = 0
F12 = q
2|φ|2 − µn
−A0 = n− q
2
µ
−∆A0 + µF12 = −2q2A0|φ|2
(1.5)
together with the boundary conditions (1.3). Due to Jaffe-Taubes argument in [35, 56], the self-dual equation
(1.5) is reduced to the following elliptic system (see [11, 24, 31, 49, 54] for the detail):{
∆u = λµeu − µN + 4π ∑ni=1miδpi ,
∆N = µ(µ+ λeu)N − λµ(µ+ λ)eu, in Ω. (1.6)
where u = ln |φ|2, λ = 2q2µ , and N = 2n. Here, δpi ∈ Ω stands for the Dirac measure concentrated at pi, and
pi 6= pj if i 6= j. Each pi is called a vortex point and mi ∈ N is the multiplicity of pi.
In view of Remark 3 below, the equation (1.6) has two different kinds of periodic solutions satisfying one of
the following asymptotic behaviors:(
uλ,µ,
Nλ,µ
λ
)
→ (0, 1) a.e. on Ω as λ→ ∞, µ≫ λ, (topological solution)(
uλ,µ,
Nλ,µ
λ
)
→ (−∞, 0) a.e. on Ω as λ→ ∞, µ≫ λ, (nontopological solution)
(1.7)
Among the results obtained in [12, 49, 48] for (MCS) model, let us review the (CS) limit results for (1.6) on a
flat two torus Ω. In [12], Chae and Kim showed the existence of topological solution for (1.6), and its (CS)
convergence whenever µ → ∞ and λ is fixed (see [11] for the study in R2). In [49], Ricciardi and Tarantello
extended the (CS) limit to other class of solutions. They showed that there exists λ0 > 0 sufficiently large such
that for any λ > λ0, there is µλ > 0 satisfying that if µ > µλ , then (1.6) has at least two distinct solutions,
topological solution and mountain pass solution, which converge to (CS) multivortices as µ → ∞. Moreover,
4 WEIWEI AO, OHSANG KWON, AND YOUNGAE LEE
they derived the asymptotic behavior of these (CS) multivortices for not only topological solution but also
mountain pass solution providedM = ∑ni=1mi = 1 as λ→ ∞. In [48], Ricciardi improved the results [12, 49] by
obtaining the (CS) limit for arbitrary sequence of solutions in Cq norm for any q ≥ 0 whenever λ = 1.
For given arbitrary configuration of vortex points, our first goal is to obtain the uniform (CS) limit result of
(MCS) model for any class of solutions for (1.6) with large λ, µ > 0, and derive the following Brezis-Merle type
alternatives for (MCS) model.
Theorem 1.1. Let Z ≡ ∪i{pi}. We assume that {(uλ,µ,Nλ,µ)} is a sequence of solutions of (1.6). Then
lim
λ,µ→∞, λµ→0
∥∥∥∥euλ,µ − Nλ,µλ
∥∥∥∥
L∞(Ω)
= 0. (1.8)
Moreover, as λ, µ→ ∞, λµ → 0, up to subsequences, one of the following holds:
(i) uλ,µ → 0 uniformly on any compact subset of Ω \ Z;
(ii) uλ,µ + 2 lnλ− u0 → wˆ in C1loc(Ω), where wˆ satisfies ∆wˆ+ ewˆ+u0 = 4πM;
(iii) there exists a nonempty finite set B = {qˆ1, · · · , qˆk} ⊂ Ω and k-number of sequences of points qjλ,µ ∈ Ω such that
lim
λ,µ→∞, λµ→0 q
j
λ,µ = qˆj,
(
uλ,µ + 2 lnλ
)
(q
j
λ,µ) → +∞, and uλ,µ + 2 lnλ → −∞ uniformly on any compact subset of
Ω \ B. Moreover,
λ2euλ,µ
(
1− Nλ,µ
λ
)
→ ∑
j
αjδqˆj , αj ≥ 8π,
in the sense of measure.
The most important step in the proof for Theorem 1.1 is to derive the relation (1.8) between uλ,µ and Nλ,µ. In
order to achieve this purpose, we apply the Green’s representation formula for the gradient estimation of uλ,µ,
and use the nondegeneracy of the operator −∆ + 1 in R2 after a suitable scaling.
We note that the elliptic system (1.6) is equivalent to

∆
(
u+ Nµ
)
= −λ2eu
(
1− Nλ
)
+ 4π ∑ni=1miδpi ,
∆N = µ2(1+ λµ e
u)N − λµ2
(
1+ λµ
)
eu
in Ω. (1.9)
To the best of our knowledge, the estimation (1.8) in Theorem 1.1 has been known for a fixed constant λ > 0 as
µ → ∞. We improve this result holds uniformly for large λ > 0 satisfying λ ≪ µ. Due to the estimation (1.8),
(1.9) would be regarded as a perturbation of the following equation arising from (CS) model:
∆u = −λ2eu (1− eu) + 4π
n
∑
i=1
miδpi in Ω. (1.10)
The corresponding result (i)-(iii) in Theorem 1.1 for (CS) equation (1.10) has been proved in [20] based on the
arguments for Brezis-Merle type alternatives (see [2, 3, 7, 20, 45, 46]). However, since our case is the coupled
system problem, a major obstacle arises from the interaction between two components uλ,µ and Nλ,µ. In order
to overcome this difficulty, we should carry out a careful estimation for the gradient of Nλ,µ in the Pohozaev
identity.
In [49], the authors made a conjecture such that the density of superconducting particles euλ,µ of (1.6) con-
verges to euλ of (1.10) as µ → ∞ without the restriction M = 1, and it was proved in [48] for fixed λ = 1. This
result would be valid even uniformly for λ > 0 since (1.9) and (1.10) share the similar asymptotic behavior in
(i)-(iii) of Theorem 1.1 for any sequence of solutions to (1.6) including even mountain pass solution and for any
M > 0. Moreover, we can improve the (CS) convergence for blow up solutions, which are constructed below,
in terms of not only euλ,µ but also uλ,µ. We will continue to discuss the detail of uniform (CS) convergence for
arbitrary solutions in forthcoming paper.
Now we consider the asymptotic behavior (iii) in Theorem 1.1. The case (iii) is called blow up phenomena.
More precisely, we define the blow up solutions as follows:
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Definition 1.1. Let B = {qˆj}kj=1 ⊂ Ω be a set of finite points. If {(uλ,µ,Nλ,µ)} is a family of solutions of (1.6) and there
exist k-number of sequence of points q
j
λ,µ, j = 1, · · · , k, satisfying
(i) lim
λ,µ→∞, λµ→0
(
uλ,µ + 2 lnλ
)
(q
j
λ,µ) = +∞, and
(ii) lim
λ,µ→∞, λµ→0 q
j
λ,µ = qˆj,
then B is called a blow-up set and {(uλ,µ,Nλ,µ)} is called a family of bubbling solutions (or blow up solutions) of (1.6)
at B
In view of Theorem 1.1, we note that the blow up phenomena implies the concentration of density for the
nonlinear terms in the first equation in (1.9). We emphasize that this observation provides the affirmative answer
for the open problem raised in [55]. In other words, we would like to show the existence of blow up solutions
with the concentrating property at the vortex points. It turns out that the construction of solutions blowing up
outside vortex points, that is, at the regular points, is more difficult than at the vortex points since the limit
problem for the first one has nontrivial kernel. We first construct solutions blowing up at a regular point, and
continue to study solutions blowing up at a vortex point.
Theorem 1.2. AssumeM > 2. Let qˆ be a non-degenerate critical point of u0 defined in (3.1). Assume that λ, µ are large
enough and satisfy (lnλ)λ2 ≪ µ. Then (1.6) has a solution (uλ,µ,Nλ,µ) satisfying
(i) λ2euλ,µ
(
1− Nλ,µλ
)
→ 4πMδqˆ in the sense of measure as λ, µ→ ∞, (lnλ)λ
2
µ → 0,
(ii)maxy∈Ω uλ,µ(y) ≥ c for some constant c ∈ R, and
(iii)
Nλ,µ
λ → 0 uniformly on any compact subset of Ω \ {qˆ} as λ, µ→ ∞, (lnλ)λ
2
µ → 0.
Remark 1. By integrating the first equation of (1.9), we have∫
Ω
λ2eu(1− N
λ
) = 4πM.
Moreover, in view of Lemma 2.1 below, one knows that the local mass of the Chern-Simons equation without
vortex points is strictly greater than 8π. So necessarily one has 4πM > 8π, that is, M > 2. This implies that
when there is only one vortex point with multiplicity one, there should be no such kind of bubbling solutions
considered in Theorem 1.2.
Motivated by Theorem 1.1 and Theorem 1.2, we also could solve the open problem raised in [55], and show
the existence of blow up solutions with the concentrating property at the vortex point.
Theorem 1.3. Assume M > 4, p1 6= pj, j = 2, · · · , n, and 1≪ (lnλ)5λ5 ≪ µ. Then (1.6) has a solution (uλ,µ,Nλ,µ)
satisfying
(i) λ2euλ,µ
(
1− Nλ,µλ
)
→ 4πMδp1 in the sense of measure as λ, µ→ ∞, (lnλ)
5λ5
µ → 0,
(ii)maxy∈Ω uλ,µ(y) ≥ c for some constant c ∈ R,
(iii)
Nλ,µ
λ → 0 uniformly on any compact subset of Ω \ {p1} as λ, µ→ ∞, (lnλ)
5λ5
µ → 0.
Remark 2. If we consider the blow up solutions at the vortex point with the multiplicity one, and assume that
the maximum of the first component has a finite lower bound, then the limit equation becomes the Chern-
Simons equation containing the vortex point with the multiplicity one. In this case, the local mass should be
greater than 16π, necessarily 4πM > 16π, and thus we need the condition M > 4 in Theorem 1.3.
We note that the conditions for λ, µ > 0 in Theorem 1.2-1.3 is stronger than the condition λ ≪ µ in Theorem
1.1 because of technical reason, which occurs from the lower bound of uλ,µ. Themaximumof the first component
for solutions in Theorem 1.2 and Theorem 1.3 has a finite lower bound since the profile of approximate solutions
comes from the entire solution of (CS) model. In forthcoming paper, we will study the blow up solutions whose
first component has no lower bound for the maximum value such that the limiting profile will be the Liouville
equation.
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The paper is organized as follows. In Section 2, we review some preliminaries in the gauge theory. In Section
3, we analyze the asymptotic behavior of solutions and prove Theorem 1.1. In Section 4-5, we study the existence
of blow up solutions.
2. PRELIMINARIES
In this section, we review some known results in the gauge theory. Firstly, we consider the following problem
∆w+ ew(1− ew) = 4πmδ0 in R2. (2.1)
We recall the following results.
Lemma 2.1. [7, 15] [20, Lemma 3.2] Let m be a nonnegative integer, and w be a solution of (2.1).
If ew(1− ew) ∈ L1(R2), then either
(i) w(x)→ 0 as |x| → ∞, or
(ii) w(x) = −β ln |x|+O(1) near ∞, where β = −2m+ 12π
∫
R2
ew(1− ew)dx.
Assume that w satisfies the boundary condition (ii). Then we have∫
R2
e2wdx = π(β2 − 4β− 4m2 − 8m), and
∫
R2
ewdx = π(β2 − 2β− 4m2 − 4m).
In particular,
∫
R2
ew(1− ew)dx > 8π(1+m).
Next we introduce the following result, which will help us to study the asymptotic behavior of solutions in
Ω.
Lemma 2.2. [14, Theorem 2.1] [16, Theorem 3.2] [51, Theorem 2.2] Let m = 0, and w be a solution of (2.1) with
ew(1 − ew) ∈ L1(R2). Then, w(x) is smooth, radially symmetric with respect to some point x0 in R2, and strictly
decreasing function of r = |x− x0|.
Assume w(r; s) be the radially symmetric solution with respect to 0 of (2.1) such that
lim
r→0
w(r; s) = s, and lim
r→0
w′(r; s) = 0,
where w′ denotes dwdr (r; s), and let us set
β(s) ≡ 1
2π
∫
R2
ew(r;s)(1− ew(r;s))dx =
∫ ∞
0
ew(r;s)(1− ew(r;s))rdr. (2.2)
Then one has
(i) β(0) = 0 and w(·; 0) ≡ 0;
(ii) β : (−∞, 0)→ (4,+∞) is strictly increasing, bijective, and
lim
s→−∞ β(s) = 4, and lims→0−
β(s) = +∞.
Lemma 2.3. (Lemma 2.1, [49]) Let (uλ,µ,Nλ,µ) be solutions of (1.6) over Ω. Then
uλ,µ(x) < 0, 0 < Nλ,µ(x) < λ for any x ∈ Ω.
In view of Lemma 2.3, we can show that the nonlinear term of the first equation in (1.9) is uniformly bounded
in L1(Ω) with respect to λ, µ > 0 as in the following corollary.
Corollary 2.1. Let (uλ,µ,Nλ,µ) satisfy (1.6) over Ω. Then we have∫
Ω
λ2euλ,µ
(
1− Nλ,µ
λ
)
dx =
∫
Ω
λ2euλ,µ
∣∣∣∣1− Nλ,µλ
∣∣∣∣ dx = 4πM.
Proof. By integrating (1.9) over Ω and using Lemma 2.3, we can obtain Corollary 2.1.

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Remark 3. In view of Corollary 2.1, we obtain
lim
λ→∞
[∫
Ω
euλ,µ
∣∣∣∣1− Nλ,µλ
∣∣∣∣ dx
]
= 0,
which implies
either uλ,µ → −∞ or
Nλ,µ
λ
→ 1 a.e. in Ω as λ→ ∞. (2.3)
Moreover, by integrating the second equation of (1.6) on Ω, we also see that
∫
Ω
(
1+
λ
µ
euλ,µ
)
Nλ,µ
λ
dx =
∫
Ω
(
1+
λ
µ
)
euλ,µdx. (2.4)
If µ > λ, then it is reasonable to consider the class of solutions satisfying the asymptotic behavior in (1.7).
Let us also recall the following form of the Harnack inequality.
Lemma 2.4. ([3, 26]) Let D ⊆ R2 be a smooth bounded domain and v satisfy:
−∆v = f in D,
with f ∈ Lp(D), p > 1. For any subdomain D′ ⊂⊂ D, there exist two positive constants σ ∈ (0, 1) and τ > 0,
depending on D′ only such that:
(i) if sup
∂D
v ≤ C, then sup
D′
v ≤ σ inf
D′
v+ (1+ σ)τ‖ f‖Lp + (1− σ)C,
(ii) if inf
∂D
v ≥ −C, then σ sup
D′
v ≤ inf
D′
v+ (1+ σ)τ‖ f‖Lp + (1− σ)C.
3. ASYMPTOTIC BEHAVIOR OF SOLUTIONS
In this section, we will study the asymptotic behavior of solutions to (1.9) and prove Theorem 1.1. We firstly
introduce some notations. Let G(x, y) be the Green’s function satisfying
−∆xG(x, y) = δy − 1|Ω| ,
∫
Ω
G(x, y)dy = 0,
where |Ω| is the measure of Ω, and we denote the regular part of G(x, y) by
γ(x, y) = G(x, y) +
1
2π
ln |x− y|.
LetM = ∑ni=1mi, and
u0(x) = −4π
n
∑
i=1
miG(x, pi). (3.1)
We set u = v+ u0, and assume |Ω| = 1. Then (1.9) is equivalent to{
∆
(
v+ Nµ
)
= −λ2ev+u0
(
1− Nλ
)
+ 4πM,
∆N = µ(µ+ λev+u0)N − λµ(λ+ µ)ev+u0
in Ω. (3.2)
Lemma 3.1. Let (uλ,µ,Nλ,µ) satisfy (1.9) over Ω. Then there exists a constant C > 0, independent of λ > 0 and µ > 0,
such that ∥∥∥∥∇
(
uλ,µ − u0 +
Nλ,µ
µ
)∥∥∥∥
L∞(Ω)
≤ Cλ.
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Proof. By applying the Green’s representation formula for a solution (uλ,µ,Nλ,µ) of (1.9), we see
(
uλ,µ − u0 +
Nλ,µ
µ
)
(x)−
∫
Ω
(
uλ,µ − u0 +
Nλ,µ
µ
)
dy =
∫
Ω
λ2euλ,µ(y)
(
1− Nλ,µ(y)
λ
)
G(x, y)dy.
Together with Lemma 2.3 and Corollary 2.1, we can obtain∣∣∣∣∇x
(
uλ,µ − u0 +
Nλ,µ
µ
)
(x)
∣∣∣∣
≤
∣∣∣∣
∫
Bd(x)
λ2euλ,µ(y)
(
1− Nλ,µ(y)
λ
)(
− x− y
2π|x − y|2 +∇γ(x, y)
)
dy
∣∣∣∣+ c0
≤
λ2
∥∥∥euλ,µ (1− Nλ,µ(y)λ )
∥∥∥
L∞(Ω)
2π
[∫
|x−y|≤ 1λ
1
|x− y|dy
]
+
∫
1
λ≤|x−y|≤d
λ2euλ,µ(y)
∣∣∣1− Nλ,µ(y)λ
∣∣∣
2π|x− y| dy+ c1 ≤ Cλ,
(3.3)
where c0, c1, C > 0 are constants, independent of λ, µ > 0.

Next we will have the key estimate which will reduce (1.9) to an almost decoupled system whose first equa-
tion is a perturbation of a single Chern-Simons equation.
Lemma 3.2. Let (uλ,µ,Nλ,µ) satisfy (1.9) over Ω. Then
lim
λ,µ→∞, λµ→0
∥∥∥∥euλ,µ − Nλ,µλ
∥∥∥∥
L∞(Ω)
= 0.
Proof. Let vλ,µ = uλ,µ − u0. Then vλ,µ satisfies (3.2). We argue by contradiction and suppose that there exists
xλ,µ ∈ Ω such that ∣∣∣∣evλ,µ(xλ,µ)+u0(xλ,µ) − Nλ,µ(xλ,µ)λ
∣∣∣∣ ≥ c > 0. (3.4)
Let
y = µ−1x+ xλ,µ, and N˜λ,µ(x) =
Nλ,µ(µ
−1x+ xλ,µ)
λ
=
Nλ,µ(y)
λ
. (3.5)
Then we see that
∆xN˜λ,µ(x)− (1+ λµ e
(vλ,µ+u0)(µ
−1x+xλ,µ))N˜λ,µ(x)
= −
(
1+
λ
µ
)
e
(vλ,µ+u0+
Nλ,µ
µ )(µ
−1x+xλ,µ)e
− Nλ,µ(µ
−1x+xλ,µ)
µ
= −
(
1+
λ
µ
)(
1+O
(‖Nλ,µ‖L∞(Ω)
µ
))
e
(vλ,µ+u0+
Nλ,µ
µ )(µ
−1x+xλ,µ)
= −(1+ o(1))e(vλ,µ+u0+
Nλ,µ
µ )(µ
−1x+xλ,µ) as λ, µ→ ∞, λ
µ
→ 0.
(3.6)
Here, the last equality is obtained from Lemma 2.3.
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Fix a constant R > 0, independent of λ, µ > 0. The mean value theorem and
∥∥∥∇ (vλ,µ + Nλ,µµ )∥∥∥L∞(Ω) = O(λ)
in Lemma 3.1 yield some θ ∈ [0, 1] satisfying(
vλ,µ +
Nλ,µ
µ
)
(µ−1x+ xλ,µ)
=
(
vλ,µ +
Nλ,µ
µ
)
(xλ,µ) +∇z
(
vλ,µ(z) +
Nλ,µ(z)
µ
) ∣∣∣
z=µ−1θx+xλ,µ
· (µ−1x)
=
(
vλ,µ +
Nλ,µ
µ
)
(xλ,µ) +O
(
λ
µ
|x|
)
=
(
vλ,µ +
Nλ,µ
µ
)
(xλ,µ) + o(1) for |x| ≤ R as λ, µ→ ∞, λµ → 0.
(3.7)
We are going to consider the following cases according to the location of limit point for xλ,µ, up to subse-
quence.
Case 1. lim
λ,µ→∞, λµ→0 xλ,µ = x0 /∈ ∪
n
i=1{pi}.
Since Bd(x0) ∩ ∪ni=1{pi} = ∅ for a sufficiently small constant d > 0, u0 is smooth in Bd(x0). Together with (3.7),
we see that
(vλ,µ + u0 +
Nλ,µ
µ
)(µ−1x+ xλ,µ) = (vλ,µ + u0 +
Nλ,µ
µ
)(xλ,µ) + o(1) for |x| ≤ R,
here we used that if |x| ≤ R, then µ−1x+ xλ,µ ∈ Bd(x0).
In view of Lemma 2.3, we have |N˜λ,µ| ≤ 1, and thus there exists a function N0 satisfying N˜λ,µ → N0 in C1loc(R2)
as λ, µ→ ∞, λµ → 0, where N0 is a solution of
∆N0 − N0 = −c0 in R2, and ‖N0‖L∞(R2) ≤ 1,
and c0 = limλ,µ→∞ e
(vλ,µ+u0+
Nλ,µ
µ )(xλ,µ). Then we have N0 ≡ c0 in R2 (for example, see [25, Proposition 2.3]).
We also note that
lim
λ,µ→∞, λµ→0
Nλ,µ(xλ,µ)
λ
= lim
λ,µ→∞, λµ→0
N˜λ,µ(0) = N0(0) = c0, (3.8)
and
c0 = lim
λ,µ→∞, λµ→0
e
(vλ,µ+u0+
Nλ,µ
µ )(xλ,µ) = lim
λ,µ→∞, λµ→0
e(vλ,µ+u0)(xλ,µ)
(
1+O
(‖Nλ,µ‖L∞(Ω)
µ
))
= lim
λ,µ→∞, λµ→0
e(vλ,µ+u0)(xλ,µ) (1+ o(1)) = lim
λ,µ→∞, λµ→0
e(vλ,µ+u0)(xλ,µ),
(3.9)
here, we used Lemma 2.3 and the assumption 1 ≪ λ ≪ µ in the third equality. However, (3.8) and (3.9)
contradict the assumption (3.4).
Case 2. xλ,µ → x0 = pi for some i.
Define uˆ0(x) ∈ C∞(Bd(pi)) such that
uˆ0(x) = u0(x)− 2mi ln |x− pi|. (3.10)
Together with (3.7), we have
(vλ,µ + uˆ0 +
Nλ,µ
µ
)(µ−1x+ xλ,µ) = (vλ,µ + uˆ0 +
Nλ,µ
µ
)(xλ,µ) + o(1), if |x| ≤ R.
There are two cases according to the behavior of |xλ,µ − pi|µ.
Case 2-(1). lim
λ,µ→∞, λµ→0 |xλ,µ − pi|µ = ∞.
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In this case, the equation (3.6) and (3.10) imply that if |x| ≤ R, then
∆x N˜λ,µ(x)− (1+ o(1))N˜λ,µ(x)
= −(1+ o(1))|µ−1x+ xλ,µ − pi|2mie(vλ,µ+uˆ0+
Nλ,µ
µ (µ
−1x+xλ,µ))
= −(1+ o(1))
∣∣∣∣∣ xµ|xλ,µ − pi| +
xλ,µ − pi
|xλ,µ − pi|
∣∣∣∣∣
2mi
|xλ,µ − pi|2mie(vλ,µ+uˆ0+
Nλ,µ
µ )(xλ,µ)
= −(1+ o(1))e(vλ,µ+u0+
Nλ,µ
µ )(xλ,µ).
(3.11)
Then the same arguments in Case 1 implies a contradiction again.
Case 2-(2). lim
λ,µ→∞, λµ→0 |xλ,µ − pi|µ ≤ c for some constant c > 0.
In view of (3.2), Lemma 2.3, and the condition λ, µ→ ∞, λµ → 0, we see that
∆
(
vλ,µ +
Nλ,µ
µ
)
= −λ2e(vλ,µ+u0+
Nλ,µ
µ )e
− Nλ,µµ
(
1− Nλ,µ
λ
)
+ 4πM
= −λ2e(vλ,µ+u0+
Nλ,µ
µ )
(
1+
O(‖Nλ,µ‖L∞(Ω)
µ
)(
1− Nλ,µ
λ
)
+ 4πM
= −(1+ o(1))λ2|x− pi|2mie(vλ,µ+uˆ0+
Nλ,µ
µ )
(
1− Nλ,µ
λ
)
+ 4πM.
(3.12)
Let
vˆλ,µ(x) =
(
vλ,µ +
Nλ,µ
µ
)
(µ−1x+ pi)− 2mi ln µ
and z = µ−1x+ pi.
Then, we have
∆x vˆλ,µ(x) + λ
2µ−2|x|2mievˆλ,µ(x)+uˆ0(µ−1x+pi)(1+ o(1))
(
1− Nλ,µ(µ
−1x+ pi)
λ
)
= 4πMµ−2 = o(1) as λ, µ→ ∞, λ
µ
→ 0.
(3.13)
In view of Lemma 2.3 and uˆ0 ∈ C∞(Bd(pi)), we see that
vˆλ,µ(x) + 2mi ln |x| = (vλ,µ + u0 +
Nλ,µ
µ
)(µ−1x+ pi)− uˆ0(µ−1x+ pi)
≤
∥∥∥∥Nλ,µµ
∥∥∥∥
L∞(Ω)
+ ‖uˆ0‖L∞(Bd(pi)) ≤ c0 in Bdµ(0),
(3.14)
for some constant c0 > 0, independent of λ, µ > 0.
By Lemma 3.1, we also see that
|∇x vˆλ,µ(x)| = µ−1
∣∣∣∣∇z
(
vλ,µ +
Nλ,µ
µ
)
(z)
∣∣∣
z=µ−1x+pi
∣∣∣∣
= O(
λ
µ
) = o(1) in Bdµ(0) as λ, µ→ ∞,
λ
µ
→ 0.
(3.15)
From (3.14) and (3.15), we note that there are two possibilities as follows:
(i). sup∂B1(0) |vˆλ,µ| ≤ C.
In this case, (3.15) implies that |vˆλ,µ| is uniformly bounded in C0loc
(
Bdµ(0)
)
for λ, µ > 0. Then there exists a
function v0 such that vˆλ,µ → v0 in C1loc
(
Bdµ(0)
)
and ∇v0 ≡ 0 in R2. It implies that v0 ≡ c for some constant
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c ∈ R and ∆v0 = 0 in R2. From the mean value theorem for harmonic function and (3.14), we see that for any
constant R > 0,
−∞ < c = v0(0) = 1|∂BR(0)|
∫
∂BR(0)
v0(y)dSy
≤ 1|∂BR(0)|
∫
∂BR(0)
(c0 − 2mi ln |y|)dSy = c0 − 2mi ln R.
(3.16)
We get a contradiction as R→ ∞ in (3.16).
(ii). sup∂B1(0) vˆλ,µ → −∞.
In this case, (3.15) implies that vˆλ,µ → −∞ is uniformly in C0loc
(
Bdµ(0)
)
for λ, µ > 0. By (3.6), we have
∆xN˜λ,µ(x)−
(
1+
λ
µ
e(vλ,µ+u0)(µ
−1x+xλ,µ)
)
N˜λ,µ(x)
= −
(
1+
λ
µ
)
e(vλ,µ+u0)(µ
−1x+xλ,µ)
= −(1+ o(1)) ∣∣x+ µ(xλ,µ − pi)∣∣2mi evˆλ,µ(x+µ(xλ,µ−pi))+uˆ0(µ−1x+xλ,µ) = o(1).
(3.17)
Since |N˜λ,µ(x)| ≤ 1 for all x ∈ Bdµ(0), there is a function N˜0 satisfying N˜λ,µ → N˜0 in C1loc(R2), and
∆N˜0 − N˜0 = 0 in R2, ‖N˜0‖L∞(R2) ≤ 1,
which implies N˜0 ≡ 0 in R2 (for example, see [25, Proposition 2.3]). We note that
lim
λ,µ→∞, λµ→0
(
Nλ,µ(xλ,µ)
λ
)
= lim
λ,µ→∞, λµ→0
N˜λ,µ(0) = N˜0(0) = 0, (3.18)
and
lim
λ,µ→∞, λµ→0
e(vλ,µ+u0)(xλ,µ) = lim
λ,µ→∞, λµ→0
(
(1+ o(1))
∣∣µ(xλ,µ − pi)∣∣2mi evˆλ,µ(µ(xλ,µ−pi))+uˆ0(xλ,µ)) = 0. (3.19)
However, (3.18) and (3.19) contradict the assumption (3.4).

In view of Lemma 3.2, the first equation of (1.9) can be regarded as a perturbation of a single Chern-Simons
equation (1.10). By applying the arguments in [20, Lemma 4.1], we can obtain the following result.
Lemma 3.3. Suppose that there exists a sequence of solutions (uλ,µ,Nλ,µ) of (1.9) such that
lim
λ,µ→∞, λµ→0
(
inf
Ω
|uλ,µ|
)
= 0.
Then, we have
lim
λ,µ→∞, λµ→0
‖uλ,µ‖L∞(K) = 0 for any compact set K ⊂ Ω \ Z. (3.20)
Proof. Choose a sequence of points {xλ,µ} ⊆ Ω such that
|uλ,µ(xλ,µ)| = inf
Ω
|uλ,µ|, and lim
λ,µ→∞, λµ→0
uλ,µ(xλ,µ) = 0. (3.21)
Passing to a subsequence (still denoted by uλ,µ), we may assume that limλ,µ→∞, λµ→0 xλ,µ = x0 ∈ Ω. We consider
the following two cases according to the location of x0.
Case 1. x0 /∈ Z.
Let d > 0 be a small constant satisfying Bd(x0) ∩ Z = ∅. We argue by contradiction and suppose that there
exist a compact set K ⊂ Ω \ Z, a positive constant cK > 0, and a sequence {zλ,µ} ⊂ K such that supK |uλ,µ| =
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|uλ,µ(zλ,µ)| ≥ cK > 0 for large λ, µ > 0. We choose a connected compact set K1 ⊂ Ω \ Z satisfying Bd(x0) ∪ K ⊂
K1. Since uλ,µ(zλ,µ) ≤ −cK < 0, Lemma 2.2 implies there is a constant s1 < 0 such that
β(s1) > 4M and − cK < s1 < 0.
We can also choose yλ,µ ∈ K1 such that uλ,µ(yλ,µ) = s1 by the intermediate value theorem.
Let u¯λ,µ(x) =
(
uλ,µ +
Nλ,µ
µ
)
(λ−1x+ yλ,µ) for x ∈ Ωyλ,µ ≡ { x ∈ R2 | λ−1x+ yλ,µ ∈ K1 }.
By Corollary 2.1 and uλ,µ(yλ,µ) = s1, we see that u¯λ,µ satisfies

∆u¯λ,µ + e
u¯λ,µ(x)−
Nλ,µ
µ (λ
−1x+yλ,µ)
(
1− Nλ,µ(λ
−1x+yλ,µ)
λ
)
= 0 in Ωyλ,µ ,
u¯λ,µ(0) = s1 +
Nλ,µ(yλ,µ)
µ ,∫
Ωyλ,µ
∣∣∣∣eu¯λ,µ(x)−
Nλ,µ
µ (λ
−1x+yλ,µ)
(
1− Nλ,µ(λ
−1x+yλ,µ)
λ
)∣∣∣∣ dx ≤ 4πM.
(3.22)
By using Lemma 3.1 andW2,p estimation, we see that u¯λ,µ is bounded in C
1,σ
loc (Ωyλ,µ) for some α ∈ (0, 1). In view
of Lemma 2.3 and Lemma 3.2, we see that if 0 < λ≪ µ, then
e
u¯λ,µ(x)−
Nλ,µ
µ (λ
−1x+yλ,µ)
(
1− Nλ,µ(λ
−1x+ yλ,µ)
λ
)
= eu¯λ,µ(x)
(
1+O
(‖Nλ,µ‖L∞(Ω)
µ
))(
1− eu¯λ,µ(x) + o(1) +O
(‖Nλ,µ‖L∞(Ω)
µ
))
= eu¯λ,µ(x)(1+ o(1))
(
1− eu¯λ,µ(x) + o(1)
)
,
(3.23)
and u¯λ,µ(0) = s1 + o(1). Passing to a subsequence, u¯λ,µ converges in C
1
loc(R
2) to a function u∗, which is a
solution of 

∆u∗ + eu∗(1− eu∗) = 0 in R2,
u∗(0) = s1,∫
R2
|eu∗(1− eu∗)|dx ≤ 4πM.
(3.24)
By using Lemma 2.2, we see that u∗ is radially symmetric with respect to a point p¯ in R2.
In view of Lemma 2.2, we have
4πM ≥
∣∣∣ ∫
R2
eu∗(1− eu∗)dx
∣∣∣ = 2π|β(u∗( p¯))| ≥ 2π|β(s1)| > 8πM, (3.25)
which implies a contradiction. Thus (3.20) holds true in Case 1.
Case 2. x0 = pi ∈ Z for some i.
Fix a small constant r0 > 0 such that Br0(x0) ∩ Z = {x0}. For simplicity, we assume that x0 = 0. We are going to
show that
lim
λ,µ→∞, λµ→0
(
inf
|x|=r0
|uλ,µ(x)|
)
= 0. (3.26)
Once we have (3.26), the argument in Case 1 implies (3.20). In order to prove (3.26), we argue by contradiction
again and suppose that, up to a subsequence, lim
λ,µ→∞, λµ→0
(
inf|x|=r0 |uλ,µ(x)|
)
≥ τ0 for some constant τ0 > 0.
Since uλ,µ < 0, we have
lim
λ,µ→∞, λµ→0
(
sup
|x|=r0
uλ,µ(x)
)
< −τ0. (3.27)
We divide our discussion into the following two cases.
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(i). lim
λ,µ→∞, λµ→0
(
λ|xλ,µ|
)
< +∞.
Note that uλ,µ(x) = 2mi ln |x|+ vλ,µ(x) near x = 0 for some 1 ≤ i ≤ n, where vλ,µ is a smooth function in Bd(0).
Let
vˆλ,µ(x) = vλ,µ(|xλ,µ|x) + 2mi ln |xλ,µ|+
Nλ,µ(|xλ,µ|x)
µ
for |x| ≤ r0|xλ,µ|
.
Then vˆλ,µ satisfies

∆vˆλ,µ = −λ2|xλ,µ|2|x|2mievˆλ,µ(x)−
Nλ,µ(|xλ,µ|x)
µ
(
1− Nλ,µ(|xλ,µ|x)λ
)
in Br1(0),∫
B r0
|xλ,µ|
(0) λ
2|xλ,µ|2|x|2mievˆλ,µ(x)−
Nλ,µ(|xλ,µ|x)
µ
(
1− Nλ,µ(|xλ,µ|x)λ
)
dx ≤ 4πM
in B r0
|xλ,µ|
(0). (3.28)
By (3.21), we note that
lim
λ,µ→∞, λµ→0
vˆλ,µ
(
xλ,µ
|xλ,µ|
)
= lim
λ,µ→∞, λµ→0
(
uλ,µ(xλ,µ) +
Nλ,µ(xλ,µ)
µ
)
= 0. (3.29)
Together with Lemma 3.1 and the assumption lim inf
λ,µ→∞, λµ→0
(
λ|xλ,µ|
)
< +∞, we see that vˆλ,µ is bounded in
C0loc (Br1(0)). Passing to a subsequence, we may assume that
lim
λ,µ→∞, λµ→0
xλ,µ
|xλ,µ| = y0 ∈ S
1, lim
λ,µ→∞, λµ→0
(
λ|xλ,µ|
)
= c0 ≥ 0, and vˆλ,µ → vˆ in C1loc (Br1(0)) ,
for some function vˆ. By using Lemma 2.3 and Lemma 3.2 as in (3.23), we see that uˆ(x) = vˆ(x) + 2mi ln |x|
satisfies
∆uˆ+ c20e
uˆ(1− euˆ) = 4πmiδ0 in R2.
In view of Lemma 2.3, we have 0 ≤ Nλ,µ(|xλ,µ|x)λ ≤ 1. Moreover, Lemma 3.2 implies limλ,µ→∞, λµ→0
Nλ,µ(|xλ,µ|x)
λ =
euˆ(x) ∈ [0, 1]. Since uˆ ≤ 0 in R2 and uˆ(y0) = 0, we have uˆ ≡ 0 by Hopf Lemma, which implies a contradiction.
(ii). lim
λ,µ→∞, λµ→0
(
λ|xλ,µ|
)
= +∞.
Lemma 2.2 implies there is a constant s2 < 0 such that
β(s2) > 4M and − τ0 < s2 < 0,
where τ0 is the constant in (3.27). We can also choose yˆλ,µ on the line segment joining xλ,µ and
r0xλ,µ
|xλ,µ| such that
uλ,µ(yˆλ,µ) = s2 and |yˆλ,µ| ≥ |xλ,µ| by the intermediate value theorem. Let uˆλ,µ(x) =
(
uλ,µ +
Nλ,µ
µ
)
(λ−1x+ yˆλ,µ)
for x ∈ Ωˆyˆλ,µ ≡ { x ∈ R2 | λ−1x+ yˆλ,µ ∈ B |xλ,µ|
2
(yˆλ,µ) }. Here we note that 0 /∈ B |xλ,µ|
2
(yˆλ,µ). Then uˆλ,µ satisfies


∆uˆλ,µ + e
uˆλ,µ−
Nλ,µ
µ (λ
−1x+yˆλ,µ)
(
1− Nλ,µ(λ
−1x+yˆλ,µ)
λ
)
= 0 in Ωˆyˆλ,µ ,
uˆλ,µ(0) = s2 +
Nλ,µ(yˆλ,µ)
µ ,∫
Ωˆyˆλ,µ
|euˆλ,µ(1− euˆλ,µ)|dx ≤ 4πM.
(3.30)
Using the same argument as in Case 1, we get a contradiction by comparing the upper/lower bound of L1 norm
of the nonlinear term in (3.30). Thus the claim (3.26) holds true. Then we can again apply the arguments in Case
1 and prove (3.20) holds true.

As a corollary of Lemma 3.3, we get the following proposition.
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Proposition 3.1. Let (uλ,µ,Nλ,µ) be a sequence of solutions of (1.9). Then, up to subsequences, one of the following holds
true:
(i) uλ,µ → 0 uniformly on any compact subset of Ω \ Z as λ, µ→ ∞, λµ → 0, or
(ii) there exists a constant ν0 > 0 such that supλ,µ→∞, λµ→0
(
supΩ uλ,µ
)
≤ −ν0.
Completion of the proof of Theorem 1.1. Note that Proposition 3.1-(i) corresponds to Theorem 1.1-(i). In order
to complete the proof of Theorem 1.1, from now on, we will study the asymptotic behavior for the solution
(uλ,µ,Nλ,µ) of (1.9) satisfying Proposition 3.1-(ii). Let us denote
wλ,µ = uλ,µ +
Nλ,µ
µ
+ 2 lnλ in Ω.
Clearly wλ,µ satisfies

∆wλ,µ + e
wλ,µ−
Nλ,µ
µ
(
1− Nλ,µλ
)
= 4π ∑ni=1miδpi in Ω,
sup
λ,µ→∞, λµ→0 supΩ
(
wλ,µ − 2 lnλ− Nλ,µµ
)
≤ −ν0 < 0,∫
Ω
|ewλ,µ−
Nλ,µ
µ
(
1− Nλ,µλ
)
|dx = ∫
Ω
e
wλ,µ−
Nλ,µ
µ
(
1− Nλ,µλ
)
dx = 4πM.
(3.31)
By Lemma 2.3 and Lemma 3.2, as λ, µ→ ∞, λµ → 0, we have (for example, see (3.23))
∆wλ,µ + e
wλ,µ(1+ o(1))
(
1− λ−2ewλ,µ + o(1)
)
= 4π
n
∑
i=1
miδpi in Ω, (3.32)
and ∫
Ω
ewλ,µ(1+ o(1))
∣∣∣(1− λ−2ewλ,µ + o(1))∣∣∣ dx = 4πM.
Then we have
0 < 2πM ≤ ‖ewλ,µ‖L1(Ω) ≤
8πM
1− e−ν0 . (3.33)
We consider the following two cases:
Case 1. supΩ wλ,µ ≤ C for some constant C > 0.
In this case, we note that the Harnack inequality (i.e. Lemma 2.4) and (3.33) imply wλ,µ − u0 is uniformly
bounded in L∞(Ω). Moreover, in view ofW2,2 estimation, wλ,µ − u0 is uniformly bounded in C1,α(Ω) for some
α ∈ (0, 1). Then wλ,µ − u0 → wˆ in C1loc(Ω), where wˆ satisfies
∆wˆ+ ewˆ+u0 = 4πM.
We note that Case 1 implies Theorem 1.1-(ii).
Case 2. lim
λ,µ→∞, λµ→0 supΩ wλ,µ = +∞.
Following [7], we say that a point q ∈ Ω is a blow-up point for {wλ,µ} if there exists a sequence {xλ,µ,q} such
that
xλ,µ,q → q and wλ,µ(xλ,µ,q)→ ∞ as λ, µ→ ∞, λµ → 0.
The set S ⊂ Ω, which consists of blow-up points for {wλ,µ}, is called the blow-up set for {wλ,µ}.
Step 1. Let p ∈ Ω be a blow-up point for {wλ,µ}. Then we have the following “minimal mass” result.
lim inf
λ,µ→∞, λµ→0
∫
Bd(p)
e
wλ,µ−
Nλ,µ
µ
(
1− Nλ,µ
λ
)
dx ≥ 8π for any d > 0. (3.34)
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Indeed, we note that the equation (3.32) is a perturbation of
∆wλ + e
wλ
(
1− λ−2ewλ,µ
)
= 4π
n
∑
i=1
miδpi in Ω, (3.35)
and the minimal mass result for (3.35) was obtained in [20, Lemma 4.2]. By the similar arguments in [20], we
can also get (3.34) for the solution wλ,µ of (3.32). Here we skip the detail and refer to [20].
The estimation (3.34) shows that if Case 2 happens, then {wλ,µ} has a nonempty finite blow-up set B ⊂ Ω,
and |B| ≤ 4πM8π = M2 . We also see that for any compact set K ⊆ Ω \ B, there exists a constant CK > 0 such that
sup
K
wλ,µ ≤ CK. (3.36)
Step 2. In this step, we are going to prove that the blow up phenomena implies the concentration of mass as in
[3, 7, 20]. However, our case is a coupled system problem, we should carry out a delicate analysis in order to
prove the concentration of mass. Firstly, we claim that
wλ,µ − u0 → −∞ uniformly on any compact set K ⊂ Ω \ B. (3.37)
Choose a small constant d > 0 satisfying for any q ∈ B, B2d(q) ∩ [B ∪ Z] = {q}. For each q ∈ B, we let {xλ,µ,q}
be a sequence of points such that
xλ,µ,q → q ∈ B and wλ,µ(xλ,µ,q) = sup
Bd(q)
wλ,µ → ∞ as λ, µ→ ∞, λµ → 0.
We shall prove that
lim
λ,µ→∞, λµ→0
(
inf
∂Br(q)
(wλ,µ − u0)
)
= −∞ (3.38)
for any r ∈ (0, d] and all q ∈ B. Then by (3.36) and Harnack’s inequality, we get that
lim
λ,µ→∞, λµ→0
(
sup
Ω\(∪qj∈BBr(qj))
(wλ,µ − u0)
)
= −∞ for any r ∈ (0, d].
To prove (3.38), we argue by contradiction and suppose that there exist r ∈ (0, d] and q ∈ B such that
lim
λ,µ→∞, λµ→0
(
inf
∂Br(q)
(wλ,µ − u0)
)
≥ c,
for some constant c ∈ R. For simplicity, we assume that q = 0. By using (3.36) and Harnack’s inequality, we
can verify that {wλ,µ − u0} is bounded in C0loc(B2d(0) \ {0}). Then elliptic estimates imply that there exists a
function ξ ∈ C1,σloc (B2d(0) \ {0}) such that along a subsequence wλ,µ − u0 → ξ in C1loc(B2d(0) \ {0}). Let
αq = lim
d→0
lim inf
λ,µ→∞, λµ→0
∫
Bd(p)
e
wλ,µ−
Nλ,µ
µ
(
1− Nλ,µ
λ
)
dx ≥ 8π.
In view of Lemma 2.3 and Lemma 3.2 as in (3.23), we see that
e
wλ,µ−
Nλ,µ
µ
(
1− Nλ,µ
λ
)
→ eξ+u0 + αqδ0,
in the sense of measure on B2d(0). By Corollary 2.1 and Fatou’s lemma, we have that e
ξ+u0 ∈ L1(B2d(0)).
Moreover, Green’s representation formula implies that
ξ(x) = − αq
2π
ln |x|+ φ(x) + η(x),
where η ∈ C1(Br(0)) for every r ∈ (0, d), and we let
φ(x) =
1
2π
∫
Bd(0)
ln
( 1
|x− y|
)
e(ξ+u0)(y)dy. (3.39)
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We note that
φ ≥ 1
2π
ln
( 1
2d
)
‖eξ+u0‖L1(Bd(0)) on Bd(0).
Then we see that eξ(x) = |x|−αq/2πeφ+η ≥ c|x|−αq/2π for 0 < |x| ≤ d and some constant c > 0. Then the
integrability of eξ+u0 implies that
4π(1+m) > αq, (3.40)
where m = mi if q = pi ∈ B ∩ Z, and m = 0 if q ∈ B \ Z.
Let φλ,µ(x) = wλ,µ(x)− 2m ln |x|. Then φλ,µ satisfies
∆φλ,µ + |x|2meφλ,µ−
Nλ,µ
µ (1− Nλ,µ
λ
) = 0 in Bd(0). (3.41)
Multiplying (3.41) by x · ∇φλ,µ and integrating over Br(0) for r ∈ (0, d), we get that∫
∂Br(0)
[
(x · ∇φλ,µ)2
|x| −
|x||∇φλ,µ|2
2
+ |x|2m+1eφλ,µ−
Nλ,µ
µ
(
1− Nλ,µ
λ
)]
dσ
=
∫
Br(0)
(2+ 2m) e
φλ,µ+2m ln |x|−
Nλ,µ
µ
(
1− Nλ,µ
λ
)
dx
+
∫
Br(0)
e
φλ,µ+2m ln |x|−
Nλ,µ
µ
[(
Nλ,µ
λ
− 1
) ∇Nλ,µ
µ
· x− ∇Nλ,µ
λ
· x
]
dx.
(3.42)
We recall the second equation in (1.9), which can be written into
∆Nλ,µ = µ
2

1+ |x|2meφλ,µ−
Nλ,µ
µ
λµ

Nλ,µ − µλ (λ+ µ) |x|2meφλ,µ−
Nλ,µ
µ in Ω. (3.43)
Multiplying (3.43) by x · ∇Nλ,µ and integrating over Br(0) for r ∈ (0, d), we have∫
Br(0)
e
φλ,µ+2m ln |x|−
Nλ,µ
µ
[(
Nλ,µ
λ
− 1
) ∇Nλ,µ
µ
· x− ∇Nλ,µ
λ
· x
]
dx
=
1
µ2
∫
∂Br(0)
[
(x · ∇Nλ,µ)2
|x| −
|x||∇Nλ,µ|2
2
]
dσ−
∫
∂Br(0)
N2λ,µ|x|
2
dσ+
∫
Br(0)
N2λ,µdx
≥ 1
µ2
∫
∂Br(0)

 r
(
∂Nλ,µ
∂r
)2
2
−
(
∂Nλ,µ
∂θ
)2
2r
−
rµ2N2λ,µ
2

 dσ
≥ − 1
µ2
∫
∂Br(0)
r


(
∂Nλ,µ
∂θ
)2
2r2
+
µ2N2λ,µ
2

 dσ,
(3.44)
here we used∇Nλ,µ · x = ∂Nλ,µ∂r r and |∇Nλ,µ|2 =
(
∂Nλ,µ
∂r
)2
+
(
∂Nλ,µ
∂θ
)2
r2
.
We claim that there is a sequence {rl}l∈N satisfying
lim
l→∞
rl = 0 and lim
l→∞

 1
µ2
∫
∂Brl (0)
rl


(
∂Nλ,µ
∂θ
)2
r2l
+ µ2N2λ,µ

 dσ

 = 0. (3.45)
In order to prove the claim (3.45), we multiply the second equation in (1.9) by Nλ,µ and integrate over Ω. Then
we have ∫
Ω
|∇Nλ,µ|2 + µ2
(
1+
λ
µ
euλ,µ
)
N2λ,µdx =
∫
Ω
λµ2
(
1+
λ
µ
)
euλ,µNλ,µdx.
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Together with Lemma 2.3 and (3.33), we see that there is a constant C > 0 such that
1
µ2
∫ d
0
∫
∂Br(0)


(
∂Nλ,µ
∂θ
)2
r2
+ µ2N2λ,µ

dσdr ≤ 1
µ2
(∫
Ω
|∇Nλ,µ|2 + µ2
(
1+
λ
µ
euλ,µ
)
N2λ,µdx
)
=
∫
Ω
λ
(
1+
λ
µ
)
euλ,µNλ,µdx ≤
∫
Ω
λ2
(
1+
λ
µ
)
euλ,µdx ≤ C.
(3.46)
In view of (3.46), we note that there exists a sequence rl satisfying (3.45). Otherwise, there exist constants ε > 0
and r¯ > 0 satisfying
1
µ2
∫
∂Br(0)
r


(
∂Nλ,µ
∂θ
)2
r2
+ µ2N2λ,µ

 dσ ≥ ε for any r ∈ (0, r¯).
From (3.46), we have
C ≥ 1
µ2
∫ r¯
0
∫
∂Br(0)


(
∂Nλ,µ
∂θ
)2
r2
+ µ2N2λ,µ

 dσdr ≥ ∫ r¯
0
ε
r
dr = +∞,
which is a contradiction.
At this point, in view of (3.42), (3.44), and (3.45), we see that for any ε > 0, there is lε such that if l ≥ lε, then
∫
∂Brl (0)
[
(x · ∇φλ,µ)2
|x| −
|x||∇φλ,µ|2
2
+ |x|2m+1eφλ,µ−
Nλ,µ
µ
(
1− Nλ,µ
λ
)]
dσ
=
∫
Brl (0)
(2+ 2m) e
φλ,µ+2m ln |x|−
Nλ,µ
µ
(
1− Nλ,µ
λ
)
dx
+
∫
Brl (0)
e
φλ,µ+2m ln |x|−
Nλ,µ
µ
[(
Nλ,µ
λ
− 1
) ∇Nλ,µ
µ
· x− ∇Nλ,µ
λ
· x
]
dx
≥
∫
Brl (0)
(2+ 2m) e
φλ,µ+2m ln |x|−
Nλ,µ
µ
(
1− Nλ,µ
λ
)
dx− 1
µ2
∫
∂Brl (0)
rl


(
∂Nλ,µ
∂θ
)2
2r2l
+
µ2N2λ,µ
2

 dσ
≥
∫
Brl (0)
(2+ 2m) e
φλ,µ+2m ln |x|−
Nλ,µ
µ
(
1− Nλ,µ
λ
)
dx− ε.
(3.47)
Let ϕ0(x) = (ξ + u0)(x)− 2m ln |x|. Letting λ, µ → ∞, λµ → 0 in (3.47), Lemma 2.3 and Lemma 3.2 as in (3.23)
imply ∫
∂Brl (0)
[ (x · ∇ϕ0)2
|x| −
|x||∇ϕ0|2
2
+ |x|2m+1eϕ0
]
dσ
≥ (2m+ 2)
(
αq +
∫
Brl (0)
eξ+u0dx
)
− ε.
(3.48)
There exists a constant c > 0 such that |x|2meϕ0 = eξ+u0 ≤ c|x|−τeφ in Br(0) for any r ∈ (0, d), where τ ≡
max{0, αq2π − 2m}. We note that τ ∈ [0, 2) from (3.40). In view of (3.39) and Corollary 1 in [7], we see that
e|φ| ∈ Lkloc(Bd(0)) for any k ∈ [1,∞). Since ξ ∈ C2loc(B2d(0) \ {0}), we have |x|2meϕ0 ∈ Lt(Bd(0)) for any
t ∈ (1, 2τ ). Then Ho¨lder’s inequality implies that φ ∈ L∞(Bd(0)) and
|x|2meϕ0 = eξ+u0 ≤ C|x|−τ for some constant C > 0. (3.49)
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We note that for |x| = r < d,
|∇φ(x)| ≤ 1
2π
∫
Bd(0)
1
|x− y| e
(ξ+u0)(y)dy
=
1
2π
[ ∫
Bd(0)\Br/2(x)
e(ξ+u0)(y)
|x− y| dy+
∫
Bd(0)∩Br/2(x)
e(ξ+u0)(y)
|x − y| dy
]
.
Fix t ∈ (1, 2τ ) and choose a constant a ∈ (0,min{1, 2− τ}) such that att−1 < 2. Ho¨lder’s inequality implies that∫
Bd(0)\Br/2(x)
e(ξ+u0)(y)
|x− y| dy ≤
∫
Bd(0)\Br/2(x)
Cra−1
|y− x|a e
(ξ+u0)(y)dy ≤ Cra−1.
Since |x| = r, we have Br/2(x) ⊆ Ω \ Br/2(0). It follows from (3.49) that∫
Bd(0)∩Br/2(x)
e(ξ+u0)(y)
|x− y| dy ≤
∫
|y−x|≤r/2
Cr−τ
|y− x|dy = O(r
1−τ).
Since a ∈ (0, 2− τ), we see that |∇φ(x)| = O(|x|a−1 + 1) as |x| → 0. Consequently ∇ϕ0(x) = − αqx2π|x|2 +∇h(x)
with |∇h(x)| = O(|x|a−1 + 1) as |x| → 0. Letting ε → 0 and rl → 0 in (3.48), we obtain that (2m+ 2)αq ≤ α
2
q
4π ,
which contradicts (3.40).
Therefore, it follows from Harnack’s inequality that wλ,µ − u0 → −∞ and wλ,µ → −∞ uniformly on any
compact subset of Ω \ B.
Step 3. In view of Lemma 2.3 and Corollary 2.1, along a subsequence, e
wλ,µ−
Nλ,µ
µ
(
1− Nλ,µλ
)
converges to
a nonnegative measure. However, this measure must be supported in B since wλ,µ → −∞ uniformly on any
compact set K ⊂ Ω \ B. Then we see that as λ, µ→ ∞, λµ → 0,
e
wλ,µ−
Nλ,µ
µ
(
1− Nλ,µ
λ
)
→ ∑
q∈B
αqδq (αq ≥ 8π)
in the sense of measure. In view of the above arguments, we conclude that Case 2 implies Theorem 1.1-(iii).
Now we complete the proof of Theorem 1.1.

4. PROOF OF THEOREM 1.2
In this section, we are going to construct blow up solutions of (3.2) such that
sup uλ,µ ≥ −c0 > −∞.
Based on Theorem 1.1 above, our construction in this section was inspired by the construction in [42] where
the authors constructed blow up solutions for the SU(3) Chern-Simons system on torus using an entire regular
solution for the single Chern-Simons equation as the building blocks.
4.1. The approximate solution and the reduction. Without loss of generality, we assume |Ω| = 1. We recall the
equation (3.2) as follows: {
∆(u+ Nµ ) = −λ2eu+u0
(
1− Nλ
)
+ 4πM,
∆ Nλ = µ(µ+ λe
u+u0)Nλ − µ(λ+ µ)eu+u0
in Ω. (4.1)
We are going to define the approximate solutions for (3.2). Let w be the radially symmetric solution of

∆w+ ew(1− ew) = 0 in R2,
w′(|x|)→ − 2M|x| +
a1(2M−2)
|x|2M−1 +O(
1
t2M+1
), |x| ≫ 1,
w(|x|) = −2M ln t+ I1 − a1|x|2M−2 +O( 1|x|2M ), |x| ≫ 1,
(4.2)
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where a1 and I1 are constants (see [14, Theorem 2.1, Lemma 2.6] for the existence of w satisfying (4.2)). We set
Uλ,q(y) =
{
w(λ|y− q|)− u0(q) + 4πM(γ(y, q)− γ(q, q))(1− θ), y ∈ Bd(q),
w(dλ)− u0(q) + 4πM(G(y, q)− γ(q, q) + 12π ln d)(1− θ), y ∈ Ω/Bd(q),
(4.3)
where
θ =
1
2Mλ2M−2
{ a1(2M− 2)
d2M−2
+O(
1
λ2
)},
which makes Uλ,q ∈ C1(Ω), We would find a solution of (3.2) with the following form:
u+
N
µ
= Uλ,q + ϕ and
N
λ
= eUλ,q+u0(1+ ϕ) + S, (4.4)
here (ϕ, S) would be regard as an error term. For the convenience, we also denote
wλ,q(y) = w(λ|y− q|), h(ϕ, S) = eUλ,q+u0(1+ ϕ) + S,
F(t) = et(1− et) and f (t) = F′(t) = et(1− 2et). (4.5)
The notation 1B2d(q) means that 1B2d(q)(x) = 1 if x ∈ B2d(q) and 1B2d(q)(x) = 0 if x /∈ B2d(q).
Then the equation (3.2) is reduced to a system for (ϕ, S):{
∆ϕ+ λ2 f (wλ,q(y)) · 1B2d(q)ϕ = g1,λ,µ(ϕ, S),
∆S− µ2S = g2,λ,µ(ϕ, S), (4.6)
where
g1,λ,µ(ϕ, S) := − ∆Uλ,q + λ2 f (wλ,q(y)) · 1B2d(q)ϕ− λ2F(Uλ,q + u0) + 4πM
− λ2 f (Uλ,q + u0)ϕ+ λ2F(Uλ,q + u0)(1+ ϕ− eϕ−
λ
µ h(ϕ,S))
+ λ2eUλ,q+u0S+ λ2eUλ,q+u0(e
ϕ− λµ h(ϕ,S)− 1)(eUλ,q+u0ϕ+ S),
g2,λ,µ(ϕ, S) := − ∆
{
eUλ,q+u0(1+ ϕ)
}
+ µ2eUλ,q+u0
{
1+ ϕ− eϕ− λµ h(ϕ,S)
}
+ λµ
{
e
2Uλ,q+2u0+ϕ− λµ h(ϕ,S)(1+ ϕ) + (S− 1)eUλ,q+u0+ϕ− λµ h(ϕ,S)
}
.
(4.7)
4.2. The linear and nonlinear problem. In this subsection, we are going to study the linear and nonlinear
problem. First, let us introduce the space we are going to work in. Fix a small constant 0 < α < 12 . Let us
introduce two function spaces Xα,q and Yα,q. Define
ρ(z) = (1+ |z|)1+ α2 , and ρ¯(z) = 1
(1+ |z|)(ln(2+ |z|))1+ α2 . (4.8)
We say that ψ ∈ Xα,q if
‖ψ‖2Xα,q = ‖(∆ψ˜)ρ‖2L2(B2dλ(0)) + ‖ψ˜ρ¯‖
2
L2(B2dλ(0))
+ ‖|∆ψ|2 + ψ2‖L1(Ω/Bd(q)) < +∞ (4.9)
where ψ˜(z) = ψ(λ−1z+ q). We say ψ ∈ Yα,q if
‖ψ‖2Yα,q =
1
λ4
‖ψ˜ρ‖2
L2(B2dλ(0))
+ ‖ψ‖2
L2(Ω\Bd(q)) < +∞.
Let χ(y) be a smooth cut off function such that χ = 1 in Bd(0), χ = 0 in Ω/B2d(0) and 0 ≤ χ ≤ 1. Define
Wq,j = χ(y− q) ∂w(λ|y− q|)∂qj , j = 1, 2. (4.10)
Let
Zq,j = −∆Wq,j + λ2ew(λ|y−q|)Wq,j, j = 1, 2. (4.11)
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We define two subspace of Xα,q and Yα as
Eq = {u : u ∈ Xα,q,
∫
Ω
Zq,ju = 0, j = 1, 2} (4.12)
and
Fq = {u : u ∈ Yα,q,
∫
Ω
Wq,ju = 0, j = 1, 2}. (4.13)
Define the projection operator to Fq as
Qqu = u−
2
∑
j=1
cjZq,j (4.14)
where cj are chosen so that Qqu ∈ Fq. We have the following estimates:
Lemma 4.1. There holds ‖Qqu‖Yα ≤ C‖u‖Yα for some positive constant C independent of q.
First we need the preliminary results for the linear operators L1,q, L2 in [25, 42], where{
L1,q(ϕ) := ∆ϕ+ λ
2 f (w(λ|y− q|)) · 1B2d(q)ϕ,
L2(S) := ∆S− µ2S. (4.15)
Theorem 4.1 (Theorem B.3 in [42]). The operator QqL1,q is an isomorphism from Eq to Fq. Moreover if ϕ ∈ Eq and
g1 ∈ Fq satisfies QqL1,q(ϕ) = g1, then there exists a constant C > 0 independent of q such that
‖ϕ‖L∞(Ω) + ‖ϕ‖Xα,q ≤ C lnλ‖g1‖Yα,q .
Theorem 4.2. The operator
L2 : W
2,2(Ω)→ L2(Ω)
is an isomorphism. Moreover, for any S ∈W2,2(Ω) and g2 ∈ L2(Ω) satisfies L2(S) = g2, there exists a positive constant
C independent of µ such that{
µ2‖S‖L2(Ω) + µ‖S‖L∞(Ω) + µ‖∇S‖L2(Ω) + ‖∂i∂jS‖L2(Ω) ≤ C‖g2‖L2(Ω),
µ2‖S‖L∞(Ω) ≤ C‖g2‖L∞(Ω) if g2 ∈ L∞(Ω).
(4.16)
Proof. It has been shown in [25, Theorem 2.4 ] that L2 is an isomorphism, µ‖S‖L∞(Ω) ≤ C‖g2‖L2(Ω), and
µ2‖S‖L∞(Ω) ≤ C‖g2‖L∞(Ω) if g2 ∈ L∞(Ω). In order to complete the proof of Theorem 4.1, if is enough to
prove
µ2‖S‖L2(Ω) + µ‖∇S‖L2(Ω) + ‖∂i∂jS‖L2(Ω) ≤ C‖g2‖L2(Ω).
Here we prove the estimate (4.16).
Multiply the equation L2(S) = g2 by S and integrate over Ω, one has∫
Ω
|∇S|2 + µ2
∫
Ω
S2 = −
∫
Ω
g2S. (4.17)
By Holder’s inequality, ∫
Ω
|∇S|2 + µ2
∫
Ω
S2 ≤ µ−2
∫
Ω
g22 +
µ2
4
∫
Ω
S2,
which implies that
µ2‖S‖L2(Ω) + µ‖∇S‖L2(Ω) ≤ C‖g2‖L2(Ω).
Since ∆S− µ2S = g2, one can get that
‖∆S‖L2(Ω) ≤ µ2‖S‖L2(Ω) + ‖g2‖L2(Ω), (4.18)
so
µ2‖S‖L2(Ω) + µ‖∇S‖L2(Ω) + ‖∂i∂jS‖L2(Ω) ≤ C‖g2‖L2(Ω).
Now, we complete the proof of Theorem 4.2.

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Next, let us consider the corresponding nonlinear problem. We define an operator Ψ by
Ψ(ϕ, S) =
(
(QqL1,q)
−1(Qqg1,λ,µ(ϕ, Sˆ)), Sˆ
)
,
where Sˆ = L−12 (g2,λ,µ(ϕ, S)), and a subset Mλ,µ of Eq ×W2,2(Ω) by
Mλ,µ =
{
(ϕ, S) ∈ Eq ×W2,2(Ω)
∣∣∣ ‖(ϕ, S)‖ ≤ (lnλ)2
λ
}
.
where
‖(ϕ, S)‖ := ‖ϕ‖L∞(Ω) + ‖ϕ‖Xα,q +
(lnλ)2
µ2
(µ2‖S‖L2(Ω) + µ‖S‖L∞(Ω) + ‖S‖W2,2(Ω)).
We note that if (ϕ, S) ∈ Mλ,µ, then
‖ϕ‖L∞(Ω) + ‖ϕ‖Xα,q ≤
(lnλ)2
λ
, and µ2‖S‖L2(Ω) + µ‖S‖L∞(Ω) + ‖S‖W2,2(Ω) ≤
µ2
λ
.
To apply contraction argument we need some estimations for the right hand side of (4.6).
Lemma 4.2. There exists a constant C such that
‖∆{eUλ,q+u0(1+ ϕ)}‖L2(Ω) ≤ Cλ(1+ ‖ϕ‖L∞(Ω) + ‖ϕ‖Xα,q).
for any (ϕ, S) ∈ Mλ,µ.
Proof. We have
∆{eUλ,q+u0(1+ ϕ)} =eUλ,q+u0(1+ ϕ)∆(Uλ,q + u0) + eUλ,q+u0∆ϕ
+ 2eUλ,q+u0∇(Uλ,q + u0) · ∇ϕ+ eUλ,q+u0(1+ ϕ)|∇(Uλ,q + u0)|2.
(4.19)
First, we consider the L2 norm of ∆{eUλ,q+u0(1+ ϕ)} in Bd(q).
In Bd(q), we get that
∆Uλ,q =∆wλ,q(y) + 4πM(1− θ)∆γ(y, q)
= − λ2F(wλ,q(y)) + 4πM(1− θ)
(4.20)
and
∆u0 = −4πM.
Moreover, since γ(y, q) and u0 are smooth functions in Bd(q), we get that
∂Uλ,q
∂yj
= λw′λ,q(y)
yj − qj
|y− q| + 4πM(1− θ)
∂γ(y, q)
∂yj
, j = 1, 2,
and
∂u0
∂yj
= O(1), j = 1, 2.
By the definitions of Uλ,q and u0, we obtain that
eUλ,q = ewλ,q(y)+O(1) and eu0 = O(1) in Bd(q).
Then,
‖∆{eUλ,q+u0(1+ ϕ)}‖L2(Bd(q))
≤ C{‖ewλ,q(y)(1+ ϕ){λ2F(wλ,q(y)) + 4πMθ}‖L2(Bd(q)) + ‖e
wλ,q(y)∆ϕ‖L2(Bd(q))
+ ‖ewλ,q(y)(λw′λ,q(y) + 1)|∇ϕ|‖L2(Bd(q)) + ‖e
wλ,q(y)(1+ ϕ)(λ2(w′λ,q)
2 + 1)‖L2(Bd(q))}
=: C{I + I I + I I I + IV}.
(4.21)
Let
z := λ(y− q) and u˜(z) := u(λ−1z+ q) (4.22)
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for any function u. Then,
I = ‖ewλ,q(y)(1+ ϕ){λ2F(wλ,q(y)) + 4πMθ}‖L2(Bd(q))
= λ−1‖ew(z)(1+ ϕ˜){λ2F(w(z)) + 4πMθ}‖L2(Bdλ(0))
≤ Cλ‖ew(z)(1+ ϕ˜)‖L2(Bdλ(0)) ≤ Cλ(1+ ‖ϕ‖L∞(Ω)),
(4.23)
where ϕ˜(z) := ϕ(λ−1z+ q) as defined in (4.22). In the last inequality in (4.23), we used the decay rate of w(z) in
(4.2). From (4.2), we also have
I I = ‖ewλ,q(y)∆ϕ‖L2(Bd(q)) ≤ λ‖ew(z)∆z ϕ˜(z)‖L2(Bdλ(0)) ≤ Cλ‖(∆ϕ˜)ρ‖L2(Bdλ(0)).
We can rewrite I I I by
I I I = ‖ewλ,q(y)(λw′λ,q + 1)|∇ϕ|‖L2(Bd(q))
≤ λ‖ew(z)w′(z)|∇z ϕ˜|‖L2(Bdλ(0)) + ‖ew(z)|∇z ϕ˜|‖L2(Bdλ(0)).
(4.24)
Since |ew(z)w′(z)| ≤ C(1+ |z|)−2M−1,
λ‖ew(z)w′(z)|∇z ϕ˜|‖L2(Bdλ(0)) ≤ Cλ‖(1+ |z|)−2M−1|∇z ϕ˜|‖L2(Bdλ(0)).
There exist finite number of points {zi} such that Bdλ(0) ⊆ ∪iB1(zi) ⊆ ∪iB2(zi) ⊆ B2dλ(0) and for any index i,
|{zj | B1(zi) ∩ B1(zj) 6= ∅}| ≤ c1, where a positive constant c1 is independent of λ. Then, we have
λ‖(1+ |z|)−2M−1|∇z ϕ˜|‖L2(B1(zi)) ≤ λ22M+1‖(1+ |zi|)−2M−1|∇z ϕ˜|‖L2(B1(zi)). (4.25)
Moreover, there exists some constant c2 fromW
2,2 estimate satisfying
‖∇z ϕ˜‖L2(B1(zi))
≤ c2(‖∆ϕ˜‖L2(B2(zi)) + ‖ϕ˜‖L2(B2(zi)))
≤ 31+ α2 c2
(
(1+ |zi|)−1−
α
2 ‖ρ∆ϕ˜‖L2(B2(zi)) + (1+ |zi|){ln(2+ |zi|)}1+
α
2 ‖ϕ˜ρ¯‖L2(B2(zi))
)
.
(4.26)
Therefore, it follows that
‖ewλ,q(y)λw′λ,q|∇ϕ|‖L2(Bd(q))
≤ 22M+131+ α2 c2λ∑
i
(
(1+ |zi|)−2M−2−
α
2 ‖ρ∆ϕ˜‖L2(B2(zi)) + (1+ |zi|)−2M{ln(2+ |zi|)}1+
α
2 ‖ϕ˜ρ¯‖L2(B2(zi))
)
≤ 22M+131+ α2 c1c2λ(‖ρ∆ϕ˜‖L2(B2dλ(0)) + ‖ϕ˜ρ¯‖L2(B2dλ(0)))
≤ Cλ‖ϕ‖Xα,q .
(4.27)
Similarly, we have
‖ew(z)|∇z ϕ˜|‖L2(Bdλ(0)) ≤ C‖ϕ‖Xα,q .
From the decay rate of ew(z)w′(z), we have
IV = ‖ewλ,q(y)(1+ ϕ)(λ2(w′λ,q)2 + 1)‖L2(Bd(q))
≤ λ‖ew(z)(1+ ϕ˜)(w′(z))2‖L2(Bdλ(0)) + λ−1‖ew(z)(1+ ϕ˜)‖L2(Bdλ(0))
≤ Cλ(1+ ‖ϕ‖L∞(Bd(q))).
(4.28)
Next, we consider ‖∆{eUλ,q+u0(1+ ϕ)}‖L2(Ω\Bd(q)). In Ω \ Bd(q), we have
∆Uλ,q = 4πM(1− θ), ∆u0 = −4πM+ 4π
n
∑
i=1
miδpi ,
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and
∇Uλ,q = 4πM(1− θ)∇G(y, q), ∇u0 = −4π
n
∑
i=1
mi∇G(y, pi).
We see that G(y, q) is a smooth function in Ω \ Bd(q) and thus
|∆Uλ,q|+ |∇Uλ,q|+ |eUλ,q |
= |4πM(1− θ)|+ |4πM(1− θ)∇G(y, q)|+ eUλ,q = O(1) in Ω \ Bd(q).
(4.29)
We also see that
u0(y) = 2mi ln |y− pi| − 4πmiγ(y, pi)− 4π ∑
i 6=j
mjG(y, pj), in Bd(pi),
where mi is the multiplicity of pi. Since γ(y, pi) and G(y, pj), j 6= i, are smooth functions in Bd(pi), we have
eu0 (y) = O(|y− pi|2mi) ∈ C2(Bd(pi)). Obviously, we also have eu0 ∈ C2(Ω \∪ni=1Bd(pi)). From this observation,
we see that
|∆eu0 |+ |∇eu0 |+ |eu0 | = O(1) in Ω \ Bd(q). (4.30)
We also see that
∆{eUλ,q+u0(1+ ϕ)}
=
{
eUλ,q
(
∆Uλ,q + |∇Uλ,q|2
)
eu0 + 2eUλ,q∇Uλ,q · ∇eu0 + eUλ,q∆eu0
}
(1+ ϕ)
+ 2
(
eUλ,q+u0∇Uλ,q + eUλ,q∇eu0
)
· ∇ϕ+ eUλ,q+u0∆ϕ.
(4.31)
We are going to estimate ‖∆{eUλ,q+u0(1+ ϕ)}‖L2(Ω\Bd(q)) by dividing the region Ω \ Bd(q) into Ω \ B 32 d(q) and
B 3
2 d
(q) \ Bd(q).
Firstly, the estimations (4.29)-(4.31) andW2,2-estimation imply
‖∆{eUλ,q+u0(1+ ϕ)}‖L2(Ω\B 3
2 d
(q))
≤ C(1+ ‖ϕ‖L2(Ω\B 3
2 d
(q)) + ‖∇ϕ‖L2(Ω\B 3
2 d
(q)) + ‖∆ϕ‖L2(Ω\B 3
2 d
(q)))
≤ C(1+ ‖ϕ‖L2(Ω\Bd(q)) + ‖∆ϕ‖L2(Ω\Bd(q)))
≤ C(1+ ‖ϕ‖Xα,q).
(4.32)
Secondly, in B 3
2 d
(q) \ Bd(q), the estimations (4.29)-(4.31) again imply
‖∆{eUλ,q+u0(1+ ϕ)}‖L2(B 3
2 d
(q)\Bd(q))
≤ ‖
(
eUλ,q
(
∆Uλ,q + |∇Uλ,q|2
)
eu0 + 2eUλ,q∇Uλ,q · ∇eu0 + eUλ,q∆eu0
)
(1+ ϕ)‖L2(B 3
2 d
(q)\Bd(q))
+ ‖2
(
eUλ,q+u0∇Uλ,q + eUλ,q∇eu0
)
· ∇ϕ‖L2(B 3
2 d
(q)\Bd(q)) + ‖e
Uλ,q+u0∆ϕ‖L2(B 3
2 d
(q)\Bd(q))
≤ C(1+ ‖ϕ‖L2(Ω\Bd(q)) + ‖∆ϕ‖L2(Ω\Bd(q))) + 2‖e
Uλ,q+u0∇ (Uλ,q + u0) · ∇ϕ‖L2(B 3
2 d
(q)\Bd(q)).
In order to estimate ‖eUλ,q+u0∇ (Uλ,q + u0) · ∇ϕ‖L2(B 3
2 d
(q)\Bd(q)), we note that the estimation (4.2) yields
eUλ,q+u0 ≤ Cλ−2M, in B 3
2 d
(q) \ Bd(q).
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From the definition ofUλ,q and u0, it is clear that∇
(
Uλ,q + u0
)
are uniformly bounded in B 3
2 d
(q) \ Bd(q). There-
fore, we obtain that
‖eUλ,q+u0∇(Uλ,q + u0) · ∇ϕ‖L2(B 3
2 d
(q)\Bd(q))
≤ Cλ−2M‖∇yϕ(y)‖L2(B 3
2 d
(q)\Bd(q)) ≤ Cλ−2M‖∇ϕ˜‖L2(B 3
2 dλ
(0)\Bdλ(0))
≤ Cλ−2M ∑
i
‖∇ϕ˜‖L2(B1(zi))
≤ Cλ−2M ∑
i
(‖∆ϕ˜‖L2(B2(zi)) + ‖ϕ˜‖L2(B2(zi)))
(4.33)
where {B1(zi)} is finite covering of B 3
2 dλ
(0) \ Bdλ(0) as in the calculus in I I I. Since
‖∆ϕ˜‖L2(B2(zi)) ≤ (1+ |zi|)−1−
α
2 ‖∆ϕ˜ρ‖L2(B2(zi)) ≤ Cλ−1−
α
2 ‖∆ϕ˜ρ‖L2(B2(zi))
and
‖ϕ˜‖L2(B2(zi)) ≤ (1+ |zi|){ln(2+ |zi|)}1+
α
2 ‖ϕ˜ρ¯‖L2(B2(zi)) ≤ Cλ1+
α
2 ‖ϕ˜ρ¯‖L2(B2(zi)),
we obtain
‖eUλ,q+u0∇(Uλ,q + u0) · ∇ϕ‖L2(B 3
2 d
(q)\Bd(q))
≤ Cλ−2M+1+ α2 (‖∆ϕ˜ρ‖L2(B2dλ(0)) + ‖ϕ˜ρ¯‖L2(B2dλ(0)))
≤ Cλ−2M+1+ α2 ‖ϕ‖Xα,q .
(4.34)
Therefore, the proof is complete.

Proposition 4.1. There exists a fixed point (ϕq, Sq) ∈ Mλ,µ of the operator Ψ.
Proof. In order to prove Proposition 4.1, it is enough to show that Ψ is a contraction map from Mλ,µ to Mλ,µ due
to the contraction mapping theorem. We are going to prove that Ψ is a contraction map from Mλ,µ to Mλ,µ with
the following two steps.
Step 1. We claim that Ψ(ϕ, S) ∈ Mλ,µ for any (ϕ, S) ∈ Mλ,µ. First, we consider ‖g2,λ,µ(ϕ, S)‖L2(Ω).
From the definition of (4.5), we note that
‖λ
µ
h(ϕ, S)‖L∞(Ω) ≤
λ
µ
‖eUλ,q+u0(1+ ϕ)‖L∞(Ω) +
λ
µ
‖S‖L∞(Ω)
≤Cλ
µ
(1+ ‖ϕ‖L∞(Ω)) +
λ
µ
‖S‖L∞(Ω).
(4.35)
This implies that for any (ϕ, S) ∈ Mλ,µ, ‖ λµh(ϕ, S)‖L∞(Ω) = O(1).
From the definition of Uλ,q and u0, e
Uλ,q = ewλ,q(y)+O(1) and u0 = O(1) in Bd(q). This implies that
‖eUλ,q+u0‖L2(Bd(q)) = Cλ−1‖ew(z)‖L2(Bdλ(0)) ≤ Cλ−1.
In Ω \ Bd(q), eUλ,q = e−2M ln(dλ)+O(1) and eu0 = O(1). This implies that
‖eUλ,q+u0‖L2(Ω\Bd(q)) = O(λ−2M).
It follows that ‖eUλ,q+u0‖L2(Ω) ≤ Cλ−1 and ‖eUλ,q+u0‖L∞(Ω) = O(1).
From (4.7), we get that
‖g2,λ,µ‖L2(Ω) ≤‖∆{eUλ,q+u0(1+ ϕ)}‖L2(Ω) + ‖µ2eUλ,q+u0(1+ ϕ− eϕ−
λ
µ h(ϕ,S))‖L2(Ω)
+ λµ‖eUλ,q+u0+ϕ− λµ h(ϕ,S){eUλ,q+u0(1+ ϕ) + S− 1}‖L2(Ω).
(4.36)
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Using Taylor’s Theorem, we see that for some 0 ≤ σ ≤ 1,
‖µ2eUλ,q+u0(1+ ϕ− eϕ− λµ h(ϕ,S))‖L2(Ω)
≤ µ2‖eUλ,q+u0{λ
µ
S+
λ
µ
eUλ,q+u0(1+ ϕ)− 1
2
e
σϕ− σλµ h(ϕ,S)(ϕ− λ
µ
h(ϕ, S))2}‖L2(Ω)
≤ λµ‖eUλ,q+u0S‖L2(Ω) + λµ‖eUλ,q+u0‖L2(Ω)(1+ ‖ϕ‖L∞(Ω)) + Cµ2‖eUλ,q+u0(ϕ−
λ
µ
h(ϕ, S))2‖L2(Ω)
≤ λµ‖S‖L2(Ω) + Cµ(1+ ‖ϕ‖L∞(Ω)) + Cµ2‖ϕ‖2L∞(Ω)‖eUλ,q+u0‖L2(Ω) + Cλ2‖S‖L∞(Ω)‖S‖L2(Ω).
(4.37)
We also obtain
λµ‖eUλ,q+u0+ϕ− λµ h(ϕ,S){eUλ,q+u0(1+ ϕ) + S− 1}‖L2(Ω)
≤ λµ
(
‖eUλ,q+u0+ϕ− λµ h(ϕ,S)S‖L2(Ω) + ‖eUλ,q+u0+ϕ−
λ
µ h(ϕ,S){eUλ,q+u0(1+ ϕ)− 1}‖L2(Ω)
)
≤ λµ‖S‖L2(Ω) + µ(1+ ‖ϕ‖L∞(Ω)).
(4.38)
From Lemma 4.2, we obtain that
‖g2,λ,µ‖L2(Ω) ≤ µ(1+ ‖ϕ‖L∞(Ω)) + λ‖ϕ‖Xα,q +
µ2
λ
‖ϕ‖2L∞(Ω) + λ‖S‖L2(Ω)(µ+ λ‖S‖L∞(Ω)). (4.39)
Therefore,
‖g2,λ,µ(ϕ, S)‖L2(Ω) ≤ Cµ(1+
µ(lnλ)4
λ3
), for any (ϕ, S) ∈ Mλ,µ. (4.40)
Next, we consider ‖g1,λ,µ(ϕ, Sˆ)‖Yα , where Sˆ = L−12 (g2,λ,µ(ϕ, S)).
From (4.20), we can rewrite (4.7) in B2d(q) as
g1,λ,µ(ϕ, Sˆ) =[λ
2F(wλ,q(y)) · 1B2d(q) − λ2F(Uλ,q + u0) + λ2 f (wλ,q(y))ϕ− λ2 f (Uλ,q + u0)ϕ]
+ [λ2F(Uλ,q + u0)(1+ ϕ− eϕ−
λ
µ h(ϕ,Sˆ))] + 4πMθ
+ [λ2eUλ,q+u0 Sˆ+ λ2eUλ,q+u0(e
ϕ− λµ h(ϕ,Sˆ) − 1)(eUλ,q+u0ϕ+ Sˆ)]
=:I + I I + I I I + IV
(4.41)
From the decay of w and mean value theorem, there exists some 0 ≤ σ, σ′ ≤ 1 such that
I =λ2F(wλ,q(y)) · 1B2d(q) − λ2F(Uλ,q + u0) + λ2 f (wλ,q(y))ϕ− λ2 f (Uλ,q + u0)ϕ
=− λ2 f
(
σwλ,q + (1− σ)(Uλ,q+ u0)
)(
u0(y)− u0(q) + 4πM(γ(y, q)− γ(q, q))(1− θ)
)
· 1Bd(q)
− λ2 f ′
(
σ′wλ,q + (1− σ′)(Uλ,q + u0)
)(
u0(y)− u0(q) + 4πM(γ(y, q)− γ(q, q))(1− θ)
)
ϕ · 1B2d(q)
+O(λ−2M+2).
(4.42)
This implies that
‖ I˜(1+ |z|)1+α/2‖L2(B2dλ(0))
≤ Cλ2(1+ ‖ϕ‖L∞(Ω))‖ew(z)(1+ |z|)1+α/2
(
u0(λ
−1z+ q)− u0(q)
)
‖L2(B2dλ(0))
+ Cλ2(1+ ‖ϕ‖L∞(Ω))‖ew(z)(1+ |z|)1+α/2
(
γ(λ−1z+ q, q)− γ(q, q)
)
‖L2(B2dλ(0)) +O(λ−2M+4+
α
2 ).
(4.43)
We again apply mean value theorem to u0(λ
−1z+ q) − u0(q) and γ(λ−1z+ q, q) − γ(q, q), then for some 0 ≤
σ, σ′ ≤ 1 we get that
|u0(λ−1z+ q)− u0(q)| = λ−1|∇yu0(y)
∣∣∣
y=σλ−1z+q
||z|
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and
|γ(λ−1z+ q, q)− γ(q, q)| = λ−1|∇yγ(y)
∣∣∣
y=σλ−1z+q
||z|.
Since u0 and γ are regular and e
w(z) ≤ C(1+ |z|)−2M in B2dλ(0), we get that
‖ I˜(1+ |z|)1+α/2‖L2(B2dλ(0)) ≤ Cλ.
From Taylor’s Theorem, there exists some 0 ≤ σ ≤ 1 such that
I I = λ2F(Uλ,q + u0)
(
1+ ϕ− 1− ϕ+ λ
µ
h(ϕ, Sˆ)− 1
2
e
σ(ϕ− λµ h(ϕ,Sˆ))(ϕ− λ
µ
h(ϕ, Sˆ))2
)
= λ2F(Uλ,q + u0)
(λ
µ
h(ϕ, Sˆ)− 1
2
e
σ(ϕ− λµ h(ϕ,Sˆ))(ϕ− λ
µ
h(ϕ, Sˆ))2
)
.
(4.44)
We have
‖ew(z)(1+ |z|)1+α/2Sˆ(λ−1z+ q)‖L2(B2dλ(0))
=
( ∫
B2dλ(0)
e2w(z)(1+ |z|)2+αSˆ2(λ−1z+ q)dz
)1/2
≤ C
(
λ2
∫
B2dλ(0)
Sˆ2(λ−1z+ q)λ−2dz
)1/2
= Cλ
( ∫
B2d(q)
Sˆ2(y)dy
)1/2
= Cλ‖Sˆ‖L2(B2d(q)),
(4.45)
where y := λ−1z+ q. From Theorem 4.2 and ‖g2,λ,µ(ϕ, Sˆ)‖L2(Ω), we note that
‖λ
µ
h(ϕ, Sˆ)‖L∞(Ω) ≤
λ
µ
‖eUλ,q+u0(1+ ϕ)‖L∞(Ω) +
λ
µ
‖Sˆ‖L∞(Ω)
≤Cλ
µ
(1+ ‖ϕ‖L∞(Ω)) +
λ
µ
‖Sˆ‖L∞(Ω) ≤ 1.
(4.46)
This implies that
λ−2‖ I˜ I(1+ |z|)1+ α2 ‖L2(B2dλ(0))
= ‖F(U˜q + u˜0)
(λ
µ
h(ϕ˜, ˜ˆS)− 1
2
e
σ(ϕ˜− λµ h(ϕ˜, ˜ˆS))(ϕ˜− λ
µ
h(ϕ˜, ˜ˆS))2
)
(1+ |z|)1+ α2 ‖L2(B2dλ(0))
≤ Cλ
µ
‖ew(z)(1+ |z|)1+α/2(1+ ϕ˜)‖L2(B2dλ(0)) +
Cλ
µ
‖ew(z)(1+ |z|)1+α/2 ˜ˆS‖L2(B2dλ(0))
+ C‖ew(z)(1+ |z|)1+α/2
(
ϕ˜2 +
λ2
µ2
(1+ ϕ˜)2 +
λ2
µ2
˜ˆS2
)
‖L2(B2dλ(0))
≤ Cλ
µ
(1+ ‖ϕ‖L∞(Ω)) + C‖ϕ‖2L∞(Ω) +
Cλ2
µ
‖Sˆ‖L2(B2d(q))(1+
λ
µ
‖Sˆ‖L∞(Ω)).
(4.47)
From the definition of θ, it follows that
‖ ˜I I I(1+ |z|)1+ α2 ‖L2(B2dλ(0)) = ‖4πMθ(1+ |z|)1+
α
2 ‖L2(B2dλ(0))
≤ Cλ−2M+2‖(1+ |z|)1+ α2 ‖L2(B2dλ(0)) ≤ Cλ−2M+4+
α
2 .
(4.48)
Finally,
λ−2‖ ˜IV(1+ |z|)1+ α2 ‖L2(B2dλ(0)) ≤ C‖ew(z)(1+ |z|)1+
α
2 ϕ(e
ϕ− λµ h − 1)‖L2(B2dλ(0))
+ C‖ew(z)(1+ |z|)1+ α2 Sˆ(λ−1z+ q)‖L2(B2dλ(0)).
(4.49)
Since
|eϕ− λµ h − 1| ≤ Cλ
µ
+ C|ϕ|+ Cλ
µ
|Sˆ|,
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this implies that
λ−2‖ ˜IV(1+ |z|)1+ α2 ‖L2(B2dλ(0)) ≤
Cλ
µ
‖ϕ‖L∞(Ω) + C‖ϕ‖2L∞(Ω) + Cλ‖Sˆ‖L2(B2d(q)). (4.50)
In Ω \ Bd(q), we have
g1,λ,µ(ϕ, Sˆ)
= λ2F(Uλ,q + u0)(ϕ− eϕ−
λ
µ h(ϕ,Sˆ)) + λ2 f (wλ,q(y)) · 1B2d(q)ϕ+ 4πMθ
− λ2 f (Uλ,q + u0)ϕ+ λ2eUλ,q+u0(eUλ,q+u0+ϕ−
λ
µ h(ϕ,Sˆ)ϕ− eUλ,q+u0ϕ+ eϕ− λµ h(ϕ,Sˆ)Sˆ).
(4.51)
Since eUλ,q ≤ cλ−2M in Ω \ Bd(q), it follows that
‖g1,λ,µ(ϕ, Sˆ)‖L2(Ω\Bd(q)) ≤ Cλ−2M+2(1+ ‖ϕ‖L∞(Ω) + ‖Sˆ‖L2(Ω\Bd(q))).
Therefore, Theorem 4.2 and the assumption λ2 ln λ < µ yield for any (ϕ, S) ∈ Mλ,µ
‖g1,λ,µ(ϕ, Sˆ)‖Yα ≤ C
1
λ
+ C(
λ
µ
+ λ−2M+2)‖ϕ‖L∞(Ω) + C‖ϕ‖2L∞(Ω) + Cλ‖Sˆ‖L2(Ω)(1+
λ2
µ2
‖Sˆ‖L∞(Ω))
≤ (lnλ)
1/2
λ
.
(4.52)
From Theorem 4.1 and 4.2, the inequalities (4.40) and (4.52) yield that Ψ(ϕ, S) ∈ Mλ,µ for any (ϕ, S) ∈ Mλ,µ.
Step 2. We claim that for any (ϕ1, S1) and (ϕ2, S2) in Mλ,µ, there exists some constant 0 < τ < 1 such that
‖Ψ(ϕ1, S1)−Ψ(ϕ2, S2)‖ < τ‖(ϕ1, S1)− (ϕ2, S2)‖. (4.53)
Firstly, we see that
‖g2,λ,µ(ϕ1, S1)− g2,λ,µ(ϕ2, S2)‖L2(Ω)
≤ ‖∆{eUλ,q+u0(ϕ1 − ϕ2)}‖L2(Ω) + ‖µ2eUλ,q+u0(ϕ1 − ϕ2 + eϕ2−
λ
µ h(ϕ2,S2) − eϕ1− λµ h(ϕ1,S1))‖L2(Ω)
+ λµ‖eUλ,q+u0+ϕ1− λµ h(ϕ1,S1){eUλ,q+u0(1+ ϕ1) + S1 − 1}
− eUλ,q+u0+ϕ2− λµ h(ϕ2,S2){eUλ,q+u0(1+ ϕ2) + S2 − 1}‖L2(Ω)
By the similar way in Step 1, we can get that
‖g2,λ,µ(ϕ1, S1)− g2,λ,µ(ϕ2, S2)‖L2(Ω)
= O(µ(1+
µ(lnλ)2
λ2
)‖ϕ1 − ϕ2‖L∞(Ω) + λ‖ϕ1 − ϕ2‖Xα,q + λµ‖S1 − S2‖L2(Ω)).
(4.54)
Next, we consider ‖g1,λ,µ(ϕ1, Sˆ1)− g1,λ,µ(ϕ2, Sˆ2)‖Yα , where Sˆi = L−12 (g2,λ,µ(ϕi, Si)), i = 1, 2. We see that
g1,λ,µ(ϕ1, Sˆ1)− g1,λ,µ(ϕ2, Sˆ2)
= [λ2 f (wλ,q(y)) · 1B2d(q) − λ2 f (Uλ,q + u0)](ϕ1 − ϕ2)
+ [λ2F(Uλ,q + u0)(ϕ1 − ϕ2 + eϕ2−
λ
µ h(ϕ2,Sˆ2) − eϕ1− λµ h(ϕ1,Sˆ1))]
+ λ2eUλ,q+u0 [eUλ,q+u0(e
ϕ1− λµ h(ϕ1,Sˆ1)ϕ1 − eϕ2−
λ
µ h(ϕ2,Sˆ2)ϕ2)
+ eUλ,q+u0(ϕ2 − ϕ1) + Sˆ1eϕ1−
λ
µ h(ϕ1,Sˆ1) − Sˆ2eϕ2−
λ
µ h(ϕ2,Sˆ2)].
(4.55)
By the similar way in Step 1, we can get that
‖g1,λ,µ(ϕ1, Sˆ1)− g1,λ,µ(ϕ2, Sˆ2)‖Yα
= O(
(lnλ)2
λ
‖ϕ1 − ϕ2‖L∞(Ω) + λ‖Sˆ1 − Sˆ2‖L2(Ω)).
(4.56)
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In view of (4.54)-(4.56), Theorem 4.1, and Theorem 4.2, we can prove the claim (4.53).

Completion of the proof of Theorem 1.2. By Proposition 4.1, we get that for any large λ, µ > 0 and any q close
to qˆ, where qˆ is a non-degenerate critical point of u0, there are (ϕq, Sq) ∈ Mλ,µ and constants cq,j such that{
∆ϕq + λ2 f (w(λ|y− q|)) · 1B2d(q)ϕq = g1,λ,µ(ϕq, Sq) + ∑2j=1 cq,jZq,j,
∆Sq − µ2Sq = g2,λ,µ(ϕq, Sq).
(4.57)
In the following, we will choose q suitably (depending on λ, µ > 0) such that the corresponding constants cq,j
are zero and thus (uλ,µ,Nλ,µ) is a solution to (1.9), where
uλ,µ +
Nλ,µ
µ
= Uλ,q + ϕq and
Nλ,µ
λ
= eUλ,q+u0(1+ ϕq) + Sq.
It is standard to prove the following.
Lemma 4.3. If ∫
Ω
(
∆ϕq + λ
2 f (w(λ|y− q|)) · 1B2d(q)ϕq − g1,λ,µ(ϕq, Sq)
)
Wq,jdx = 0, j = 1, 2, (4.58)
then cq,j = 0 for j = 1, 2.
Next we have the following reduced problem:
Lemma 4.4. ∫
Ω
(
∆ϕq + λ
2 f (w(λ|y− q|)) · 1B2d(q)ϕq − g1,λ,µ(ϕq, Sq)
)
Wq,jdy
= a0Dju0(q) + o(1) as λ, µ→ ∞, (lnλ)λ
2
µ
→ 0, j = 1, 2,
(4.59)
for some a0 6= 0.
Proof. SinceWq,j = χ(y− q) ∂w(λ|y−q|)∂qj = −λχ(y− q)
∂w(z)
∂zj
∣∣∣
z=λ(y−q)
, we see that
∫
Ω
(
∆yϕq + λ
2 f (w(λ|y− q|)) · 1B2d(q)ϕq − g1,λ,µ(ϕq, Sq)
)
Wq,jdy
= −λ
∫
B2dλ(0)
(
∆z ϕ˜q + f (w(z))ϕ˜q
)
χ(λ−1z)
∂w(z)
∂zj
dz
+ λ
∫
B2dλ(0)
[F(w(z)) · 1Bdλ(0) − F((Uλ,q + u0)(λ−1z+ q))]χ(λ−1z)
∂w(z)
∂zj
dz
+ λ
∫
B2dλ(0)
[ f (w(z))− f ((Uλ,q + u0)(λ−1z+ q))]ϕ˜q(z)χ(λ−1z) ∂w(z)∂zj dz
+ λ
∫
B2dλ(0)
[F((Uλ,q + u0)(λ
−1z+ q))(1+ ϕ˜q − eϕ˜q−
λ
µ h(ϕ˜q,S˜q)) + 4πMθλ−2]χ(λ−1z) ∂w(z)
∂zj
dz
+ λ
∫
B2dλ(0)
e(Uλ,q+u0)(λ
−1z+q)[e(Uλ,q+u0)(λ
−1z+q)(e
ϕ˜q− λµ h(ϕ˜q,S˜q) − 1)ϕ˜q + eϕ˜q−
λ
µ h(ϕ˜q,S˜q)S˜q]χ(λ
−1z) ∂w(z)
∂zj
dz
=: I + I I + I I I + IV +V.
(4.60)
We will estimate the above term by term.
Step 1. We claim that I = o(1).
Note that
∆
(
∂w
∂zj
)
+ f (w)
∂w
∂zj
= 0 in R2. (4.61)
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Together with the integration by parts, we have
λ
∫
B2dλ(0)
(
∆z ϕ˜q + f (w(z))ϕ˜q
)
χ(λ−1z)
∂w
∂zj
dz
= λ
∫
B2dλ(0)
(
∆z
(
χ(λ−1z)
∂w
∂zj
)
+ f (w(z))χ(λ−1z)
∂w
∂zj
)
ϕ˜qdz
= λ
∫
B2dλ(0)
(
∆z
(
χ(λ−1z)
) ∂w
∂zj
+ 2∇z(χ(λ−1z)) · ∇z
(
∂w
∂zj
))
ϕ˜qdz
+ λ
∫
B2dλ(0)
(
∆z
(
∂w
∂zj
)
+ f (w(z))
∂w(z)
∂zj
)
χ(λ−1z)ϕ˜qdz
= λ
∫
B2dλ(0)
(
∆z
(
χ(λ−1z)
) ∂w
∂zj
+ 2∇z(χ(λ−1z)) · ∇z
(
∂w
∂zj
))
ϕ˜qdz = O(‖ϕq‖L∞(Ω)) = o(1).
(4.62)
Step 2. We claim that I I = a0Dju0(q) + o(1) for some a0 6= 0.
Recall the definition of Uλ,q from (4.3), and let Γ(y) = u0(y) + 4πM(1− θ)γ(y, q). From the radial symmetry
and decay rate of w(z), we see that for some 0 ≤ τ ≤ 1
λ
∫
B2dλ(0)
[F(w(z)) · 1Bdλ(0) − F((Uλ,q + u0)(λ−1z+ q))]χ(λ−1z)
∂w(z)
∂zj
dz
= λ
∫
Bdλ(0)
[
F(w(z))− F
(
w(z) + Γ(λ−1z+ q)− Γ(q)
)]
χ(λ−1z) ∂w(z)
∂zj
dz+O(λ−2M+2)
= λ
∫
Bdλ(0)
f (w(z))
(
Γ(q)− Γ(λ−1z+ q)
) ∂w(z)
∂zj
dz
− λ
∫
Bdλ(0)
f ′
(
w(z) + τ
(
Γ(λ−1z+ q)− Γ(q)))
2
(
Γ(q)− Γ(λ−1z+ q)
)2 ∂w(z)
∂zj
dz+O(λ−2M+2)
= −
(∫
Bdλ(0)
f (w(z))∇Γ(q) · z ∂w(z)
∂zj
dz
)
+O(λ−1)
= −
(∫
Bdλ(0)
f (w(z))DjΓ(q)w
′(z)
z2j
|z|dz
)
+O(λ−1)
= −πDjΓ(q)
(∫ ∞
0
f (w(r))
dw(r)
dr
r2dr
)
+O(λ−1)
= −πDjΓ(q)
(
F(w(r))r2
∣∣∣∞
0
− 2
∫ ∞
0
F(w(r))rdr
)
+O(λ−1)
= DjΓ(q)
∫
R2
F(w(x))dx+O(λ−1).
(4.63)
It has been known that Djγ(q, q) = 0 for any q ∈ Ω and j = 1, 2, which implies DjΓ(q) = Dju0(q). Together
with F(w(x)) > 0 for all x ∈ R2, we prove the claim.
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Step 3.We claim that I I I + IV +V +VI = o(1). For some 0 ≤ τ ≤ 1 we note that∣∣∣I I I∣∣∣ ≤λ ∫
B2dλ(0)
| f ′
(
τw+ (1− τ)(Uλ,q + u0)
)(
Uλ,q(λ
−1z+ q) + u0(λ−1z+ q)−w(z)
)
|ϕ˜q(z)χ(λ−1z) ∂w(z)
∂zj
dz
≤Cλ
∫
B2dλ(0)
ew(z)|u0(λ−1z+ q))− u0(q) + 4πM(1− θ)(γ(λ−1z+ q, q)− γ(q, q))|ϕ˜q(z)χ(λ−1z) ∂w(z)
∂zj
dz
≤Cλ
∫
B2dλ(0)
ew(z)λ−1|z|ϕ˜q(z)χ(λ−1z) ∂w(z)
∂zj
dz
=O(‖ϕq‖L∞(Ω)) = o(1).
(4.64)
Moreover, since (ϕq, Sq) is a fixed point of Ψ, we have
Sq = L
−1
2 (g2,λ,µ(ϕq, Sq)). (4.65)
From the proof of Proposition 4.1, we know that ‖g2,λ,µ(ϕq, Sq)‖L2(Ω) = O(µ+ µ
2(lnλ)4
λ3
) since (ϕq, Sq) ∈ Mλ,µ.
From Theorem 4.2, it follows ‖Sq‖L2(Ω) ≤ O( 1µ + (lnλ)
4
λ3
). Then, by the assumption λ2 lnλ < µ and the similar
way in (4.44), we get that∣∣∣IV∣∣∣ = O(λ2
µ
(1+ ‖ϕq‖L∞(Ω) + ‖Sq‖2L2(Ω)) + λ‖ϕq‖2L∞(Ω) +
λ3
µ2
‖Sq‖L∞(Ω)‖Sq‖2L2(Ω)
)
+O(λθ) = o(1).
We recall h(ϕq, Sq) = e
Uλ,q+u0(1+ ϕq) + Sq. In the estimation in (4.49), the assumption λ2 lnλ < µ yields that∣∣∣V∣∣∣ = O(λ‖ϕq‖L∞(Ω)(λµ + ‖ϕq‖L∞(Ω)) + λ2‖Sq‖L2(Ω))
= o(1).
(4.66)
From the above estimates, we can derive (4.59). 
From Lemma 4.4, we can derive (4.59). Since we assume that Du0(qˆ) = 0 and D
2(u0)(qˆ) is nondegenerate,
from Lemma 4.4, we can find a point q near qˆ such that the right hand side of (4.59) is equal to zero. Together
with Lemma 4.3, we can find q satisfying cq,j = 0 for j = 1, 2. At this point, we complete the proof of Theorem
1.2.

5. PROOF OF THEOREM 1.3
In this section, we are going to construct blow up solutions of (3.2) at the vortex point satisfying sup uλ,µ ≥
−c0 > −∞. Based on Theorem 1.1, our construction in this section was inspired by the arguments in section 4
and the construction in [41] where the authors construct blow up solutions at the vortex point using an entire
solution for the Chern-Simons equation, which has a singularity, as the building blocks.
We recall the equation (3.2) as follows:{
∆(u+ Nµ ) = −λ2eu+u0
(
1− Nλ
)
+ 4πM,
∆ Nλ = µ(µ+ λe
u+u0)Nλ − µ(λ+ µ)eu+u0
in Ω.
Throughout this section, we assume that M > 4. First of all, we are going to define the approximate solutions
for (3.2). Let V be the radially symmetric solution of

∆V + |x|2eV(1− |x|2eV) = 0 in R2,
V′(|x|)→ − 2M|x| +
a1(2M−4)
|x|2M−3 +O(
1
|x|2M−1 ), |x| ≫ 1,
V(|x|) = −2M ln |x|+ I1 − a1|x|2M−4 +O( 1|x|2M−2 ), |x| ≫ 1,
(5.1)
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where a1 and I1 are constants (see [14, Theorem 2.1, Lemma 2.6] for the existence of V satisfying (5.1)). We set
Uλ(y) =
{
V(λ|y− p1|) + 4πM(γ(y, p1)− γ(p1, p1))(1− θ) + Cλ, y ∈ Bd(p1),
V(dλ) + 4πM(G(y, p1)− γ(p1, p1) + 12π ln d)(1− θ) + Cλ, y ∈ Ω/Bd(p1),
(5.2)
where Cλ = 2 lnλ+ 4π
(
γ(p1, p1) + ∑
N
j=2mjG(p1, pj)
)
and
θ =
1
2Mλ2M−4
{
a1(2M− 4)
d2M−4
+O(
1
λ2
)
}
,
which makes Uλ ∈ C1(Ω), We would find a solution of (3.2) with the following form:
u+
N
µ
= Uλ + ϕ and
N
λ
= eUλ+u0+ϕ + S, (5.3)
here (ϕ, S) would be regard as an error term.
We note that eUλ = O(λ2) in (5.2), but eUλ,q = O(1) in the section 4. In order to control the difficulties arising
from the error parts related to ϕ2 term we need to make the difference between (4.4) and (5.3).
For the convenience, we also denote
Vλ(y) = V(λ|y− p1|), h(ϕ, S) = eUλ+u0+ϕ + S,
F(t) = t2eV(t)(1− t2eV(t)) and f (t) = t2eV(t)(1− 2t2eV(t)).
(5.4)
The equation (3.2) is reduced to a system for (ϕ, S):{
∆ϕ+ λ2 f (λ|x − p1|) · 1B2d(p1)ϕ = h1,λ,µ(ϕ, S),
∆S− µ2S = h2,λ,µ(ϕ, S), (5.5)
where
h1,λ,µ(ϕ, S) := − ∆Uλ + λ2 f (λ|x− p1|) · 1B2d(p1)ϕ+ 4πM
− λ2eUλ+u0+ϕ− λµ h(ϕ,S)(1− eUλ+u0+ϕ − S),
h2,λ,µ(ϕ, S) := − ∆eUλ+u0+ϕ + µ2
(
1+
λ
µ
e
Uλ+u0+ϕ− λµ h(ϕ,S)
){
eUλ+u0+ϕ + S
}
− µ2S
− µ2(1+ λ
µ
)e
Uλ+u0+ϕ− λµ h(ϕ,S).
(5.6)
For a small constant 0 < α < 12 , recall that
ρ(z) = (1+ |z|)1+ α2 , and ρ¯(z) = 1
(1+ |z|)(ln(2+ |z|))1+ α2 . (5.7)
We say that ψ ∈ Xα if
‖ψ‖2Xα = ‖(∆ψ˜)ρ‖2L2(B2dλ(0)) + ‖ψ˜ρ¯‖
2
L2(B2dλ(0))
+ ‖|∆ψ|2 + ψ2‖L1(Ω/Bd(p1)) < +∞ (5.8)
where ψ˜(z) = ψ(λ−1z+ p1), and that ψ ∈ Yα if
‖ψ‖2Yα =
1
λ4
‖ψ˜ρ‖2
L2(B2dλ(0))
+ ‖ψ‖2
L2(Ω\Bd(p1)) < +∞.
We note that ‖ · ‖Xα and ‖ · ‖Yα are similar to the norms ‖ · ‖Xα,q and ‖ · ‖Yα,q in section 4, but the scaled area is
different. We recall the preliminary results for the linear operator L1 in [41], where
L1(ϕ) := ∆ϕ+ λ
2 f (λ|y− p1|) · 1B2d(p1)ϕ.
Theorem 5.1 (Theorem B.1 in [41]). L1 is an isomorphism from Xα to Yα. Moreover, if w ∈ Xα and h ∈ Yα satisfy
L1w = h, then there is a constant C > 0, independent of λ > 0, such that
‖w‖L∞(Ω) + ‖w‖Xα ≤ C (ln λ) ‖h‖Yα . (5.9)
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Next, let us consider the corresponding nonlinear problem. We define an operator Ψ by
Ψ(ϕ, S) =
(
L−11 (h1,λ,µ(ϕ, Sˆ)), Sˆ
)
,
where Sˆ = L−12 (h2,λ,µ(ϕ, S)), and a subset Cλ,µ of Xα ×W2,2(Ω) by
Cλ,µ =
{
(ϕ, S) ∈ Xα ×W2,2(Ω)
∣∣∣ ‖(ϕ, S)‖∗ ≤ (lnλ)−3} .
where
‖(ϕ, S)‖∗ := ‖ϕ‖L∞(Ω) + ‖ϕ‖Xα +
λ
µ2(lnλ)3
(µ2‖S‖L2(Ω) + µ‖S‖L∞(Ω) + ‖S‖W2,2(Ω)).
We note that if (ϕ, S) ∈ Cλ,µ, then
‖ϕ‖L∞(Ω) + ‖ϕ‖Xα ≤ (lnλ)−3, and µ2‖S‖L2(Ω) + µ‖S‖L∞(Ω) + ‖S‖W2,2(Ω) ≤
µ2
λ
.
The following estimation would be important for the contraction argument.
Lemma 5.1. There exists a constant C such that
‖∆{eUλ+u0+ϕ}‖L2(Ω) ≤ Cλ3(1+ ‖ϕ‖L∞(Ω) + ‖ϕ‖Xα).
for any (ϕ, S) ∈ Cλ,µ.
Proof. Although we have eUλ,q = O(1) from (4.3) in the section 4, we note that eUλ = O(λ2) from (5.2). Except
this observation, we can follow the arguments in the proof of Lemma 4.2, and obtain Lemma 5.1. We skip the
detail. 
Completion of the proof of Theorem 1.3. First of all, we claim that there exists a fixed point (ϕ¯, S¯) ∈ Cλ,µ of the
operator Ψ.
As in the proof of Proposition 4.1, Lemma 5.1 and (5.2) imply that there is a constant C > 0 satisfying
‖h2,λ,µ‖L2(Ω) ≤ C
{
µλ4(1+ ‖ϕ‖L∞(Ω)) + λ3‖ϕ‖Xα + λ3‖S‖L2(Ω)(µ+ λ‖S‖L∞(Ω))
}
, (5.10)
and
‖h1,λ,µ(ϕ, Sˆ)‖Yα ≤ C
{
1
λ
+
λ3
µ
(1+ ‖ϕ‖L∞(Ω)) + ‖ϕ‖2L∞(Ω) + λ‖Sˆ‖L2(Ω)
(
1+
λ2
µ2
‖Sˆ‖L∞(Ω)
)}
. (5.11)
We remark that the difference between (4.40)-(4.52) and (5.10)-(5.11) comes from the setting of solution in (4.4)
and (5.3) in addition to Lemma 4.2 and Lemma 5.1. From Theorem 5.1 and 4.2, the inequalities (5.10) -(5.11) and
the assumption 1≪ (lnλ)5λ5 ≪ µ yield that Ψ(ϕ, S) ∈ Cλ,µ for any (ϕ, S) ∈ Cλ,µ.
Similarly, we can also get that if 1≪ (lnλ)5λ5 ≪ µ and (ϕ1, S1), (ϕ2, S2) ∈ Cλ,µ, then
‖h2,λ,µ(ϕ1, S1)− h2,λ,µ(ϕ2, S2)‖L2(Ω)
= O(µ‖ϕ1 − ϕ2‖L∞(Ω) + λ3‖ϕ1 − ϕ2‖Xα + λµ‖S1 − S2‖L2(Ω)),
(5.12)
and
‖h1,λ,µ(ϕ1, Sˆ1)− h1,λ,µ(ϕ2, Sˆ2)‖Yα
= O((lnλ)−3‖ϕ1 − ϕ2‖L∞(Ω) + λ‖Sˆ1 − Sˆ2‖L2(Ω)).
(5.13)
The estimations (5.12)-(5.13), Theorem 5.1, and Theorem 4.2 imply that if (ϕ1, S1), (ϕ2, S2) ∈ Cλ,µ, then there
exists a constant 0 < τ < 1 satisfying
‖Ψ(ϕ1, S1)− Ψ(ϕ2, S2)‖∗ < τ‖(ϕ1, S1)− (ϕ2, S2)‖∗. (5.14)
In view of the contraction mapping theorem, we get that if 1 ≪ (lnλ)5λ5 ≪ µ, there exists (ϕ¯, S¯) ∈ Cλ,µ
satisfying {
∆ϕ¯+ λ2 f (λ|y− p1|) · 1B2d(p1) ϕ¯ = h1,λ,µ(ϕ¯, S¯),
∆S¯− µ2S¯ = h2,λ,µ(ϕ¯, S¯). (5.15)
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We note that
(
uλ,µ,Nλ,µ
)
:=
(
Uλ + ϕ¯− λµ
(
eUλ+u0+ϕ¯ + S¯
)
, λ
(
eUλ+u0+ϕ¯ + S¯
))
satisfies the system (3.2), and thus
complete the proof of Theorem 1.3. 
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